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Abstract

Track Settling Control of Triple-Stage HDD using Robust Output Feedback MPC
by

Huy Minh Nguyen
Master of Science in Mechanical Engineering

University of California, Berkeley
Professor Roberto Horowitz, Chair

Track settling control for a hard disk drive with three actuators has been consid-
ered. The objective is to settle the read/write head on a specific track by following the
minimum jerk trajectory. Robust output feedback model predictive control method-
ology has been utilized for the control design which can satisfy actuator constraints
in the presence of noises and disturbances in the system. The controller is designed
based on a low order model of the system and has been applied to a higher order
plant in order to consider the case of model mismatch at high frequencies. Since the
settling control problem generally requires a relatively low frequency control input,
simulation results shows that the head can be settled on the desired track with 10
percent of track pitch accuracy while satisfying actuator constraints. Additionally,
when comparing the simulation results with that of an equivalent dual-stage system,
the addition of the third stage exhibit increased fine tuning and decreased positioning
error at the end of track settling.
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Chapter 1

Introduction

1.1 Background

Significant amount of data storage during the last decade has increased hard disk
drive aerial density. Having a disk with more aerial density requires a more precise
control strategy to position the read/write head on specific data track[1–6]. This
precise positioning can be achieved by improving the control strategy[7] or introducing
more actuators to the system. The current state of the art in HDD industry is the
dual-stage control system[8–10] which has voice coil motor (V CM) and mili actuator
(PZT ) as actuators. However, there have been several researches on introducing a
third actuator to the system which can improve the precision positioning[11–13]. This
third actuator in called a micro-actuator and is considered to be a Thermal actuator
in this paper.

There are three different scenarios for controlling the read/write head of a HDD[1,
14]: a) seek control b) settling control c) track following control. Consider the scenario
in which the read/write head should move from an initial track to a desired track.
The seek controller will bring the head to the neighborhood of the desired track, then
the settling control tries to settle the head on the desired track. Finally, the track
following control will keep the head on the desired track.

1.2 Motivation

In this paper, settling control of a triple-stage system has been studied. The problem
of settling control has been previously studied for dual-stage systems using frequency
loop shaping control design method[1]. However, this methodology cannot guaran-
tee satisfaction of actuator constraints such as input voltage and stroke limitations.
Therefore, model predictive control (MPC) is considered for its ability to account for
input and output constraints on the system, as well as its ability to iteratively account
for and correct deviations between predicted and actual plant outputs. However, two
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important issues that arise from using classical MPC is that it is not robust and
that it usually requires knowledge of the states of the plant. These two problems are
limiting the usage of classical MPC for triple-stage systems. Because the actuators
may receive noise and disturbances due to windage, and also all the states are not
directly measurable and only head position can be measured.

To resolve these issues, a method of robust output feedback model predictive
control outlined in [15–17] is applied to the triple-stage system to account for the
effects of noise and disturbances, as well as to utilize estimated states in lieu of the
actual states of the plant. Furthermore, the resulting robust output feedback MPC
for the triple-stage system is applied to the problem of track settling utilizing the
reference trajectory formulation method in [1] in order guide the triple-stage system
on a minimum jerk trajectory and achieve settling control to a specific track.

1.3 Objectives

In summary, the main objectives of the controller based on robust output feedback
MPC are as follows:

• To achieve track settling within a margin of error of at most 10 percent by the
end of the settling period.

• Ensure that the input and output constraints of each actuator in the triple stage
system are upheld and never violated.

• For the track settling problem to be solved by the generation and tracking of a
minimum jerk trajectory
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Chapter 2

Modeling

A triple-stage system is composed of a voice coil motor (V CM) as a first stage
actuator, a piezo-electric transducer (PZT ) as a second stage actuator, and a Thermal
actuator as a third stage actuator. In this section, the plant model for a triple-stage
system is introduced. Moreover, the read/write head mounted at the tip of this triple-
stage system should follow a reference trajectory in order to settle on a desired track.
The procedure for generating this reference trajectory is explained at the end of this
section.

2.1 Plant Model

A linear time-invariant steady-state model is derived from the frequency response
data of each actuator[11] at 100kHz sampling frequency. The obtained plant model
represents a 4th order approximation of the V CM actuator, a 2nd order approximation
of the PZT actuator, and a 6th order approximation of the Thermal actuator, which
are shown with blue dotted line in Fig. 2.1, obtained from [18]. Combining these
steady-state models of the individual stages of the system, we obtain a 12th order
causal and discrete steady-state model for the complete plant:

x+P = APxP +BPu+BPd y = CPxP + v (2.1)

where AP , BP , and CP denote the steady-state matrices of the plant model, d denotes
the input disturbance due to windage, and v denotes the output feedback noise of the
plant.

2.2 Reduced-Order Model

Additionally, a reduced-order model is considered in the controller design. Similarly
to the plant model, this reduced-order model is derived from the frequency response
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data of each actuator[11]. However, the reduced order model is comprised of a 2nd

order approximation of the V CM actuator, a 2nd order approximation of the PZT
actuator, and a 1st order approximation of the Thermal actuator, based on [18] and in
which the lower frequency gain characteristics of each actuator, including the initial
resonance frequencies of the V CM and PZT actuators are preserved. These reduced
order models are shown with green dotted lines in Fig. 2.1. Combining these steady-
state models of the individual stages of the system, we obtain a 5th order causal and
discrete steady-state model, denoted by the causal steady-state matrices: A, B, and
C.

Additionally, the reduced-order model, used in the controller design, represents
an approximation of the plant model, and introduces the scenario in which the actual
triple-stage system, represented by the plant model, is not completely known to the
controller, but an estimated model is available. Fig. 2.1 shows a Bode magnitude plot
exhibiting a comparison of the frequency response data, plant models, and reduced-
order models for each actuator.
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Figure 2.1: Bode magnitude plots for individual actuators of a triple-stage system
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2.3 Constraints of The Triple-Stage System

Moreover, constraints on actuator inputs, outputs, noises, and disturbances are also
taken into account in the controller design process. According to [11] and [18], limi-
tations of actuator strokes, control input voltages, and disturbances due to windage,
of each actuator are listed in Table 2.1 and are used in the design and simulation of
the controller and triple-stage system.

Actuators Actuator Stroke Control Input Input Disturbance
(TP ) (V ) (V )

V CM - 10 1e-4
PZT 6.3 10 1e-5
Th 1.6 20 1e-4

Table 2.1: Limitations considered upon the triple-stage system, and its disturbances for
controller design and simulations.

Additionally, measurement noise in the triple-stage system of upto 8e-3 TP was
considered in the controller design and simulations. In controller and plant simu-
lations, white measurement noise and disturbances were considered to test the con-
troller.

2.4 Reference Trajectory

In the problem of track settling, it is desired to settle to a specific track from a
different initial track position. In hard disk drive industry, the head should settle
on a desired track by following a minimum jerk trajectory[1]. The minimum jerk
trajectory given initial position p0, velocity v0 and acceleration a0 is given as:

r(k) =
T 2
f

2
[−(

Ts
Tf
k)5 + 3(

Ts
Tf
k)4 − 3(

Ts
Tf
k)3 + (

Ts
Tf
k)2]a0

+Tf [−3(
Ts
Tf
k)5 + 8(

Ts
Tf
k)4 − 6(

Ts
Tf
k)3 + (

Ts
Tf
k)]v0

+[−6(
Ts
Tf
k)5 + 15(

Ts
Tf
k)4 − 10(

Ts
Tf
k)3 + 1]p0

(2.2)

where Tf denotes the desired settling period, Ts is the sampling time, k is the iteration
number, and r(k) represents the minimum jerk trajectory.

The initial position, p0, may be obtained directly from PES measurement. How-
ever, v0 and a0 must be estimated utilizing previous values of the PES signal, as

6



well as actuator inputs. These signals have been processed through finite-impulse-
response (FIR) filters in order to estimate v0 and a0 [1]. In order to estimate v0,
PES signal has been processed through a second order derivative filter:

Fv(z) =
1.25− 1.5z−1 + 0.25z−2

Ts
(2.3)

Initial acceleration, a0 has been estimated by passing the input of the V CM actuator
through the filter:

Fa(z) = KV CM
z−1 + z−2

2
(2.4)

where KV CM is the gain of V CM actuator transfer function.
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Chapter 3

Controller Design

In this section, the control strategy behind robust output feedbackMPC is introduced
first[15]. Then, this methodology has been applied to the settling control of a triple-
stage hard disk drive. The controller has been designed based on a low order plant but
implemented on a higher order plants. Also, the initialization procedure for controller
parameters has been presented at the end of this section.

3.1 Robust Output MPC Methodology

In the design of the controller for the triple-stage system, the method of MPC is
considered for its ability to account for constraints on the inputs and states of the
system, as well as its ability to iteratively correct for deviations in expected and actual
system outputs. However, two issues that arise are that MPC is not robust, which
may result in violations of these constraints, and that it usually requires knowledge
of the states of the plant. In order to resolve these issues, a robust output feedback
methodology outlined in [15] is considered in the design of the controller.

This paper first considers a linear, time-invariant system:

x+ = Ax+Bu+ w, y = Cx+ v (3.1)

that is both controllable and observable and which is subject to unknown, but
bounded output noise and input disturbances, v and w which lie within the sets
V and W. Additionally, the system is also subject to the hard state and input con-
straints in which x and u must lie within the sets X and U, respectively.

Meanwhile, a Luenberger observer is used to estimate the actual states of the
system from output feedback:

x̂+ = Ax̂+Bu+ L(y − ŷ), ŷ = Cx̂ (3.2)

8



where L is chosen to ensure that the eigenvalues of (A−LC) lie within the unit circle
of the complex plane, and whereby the state estimation error is x̃ , x− x̂.

Furthermore, the MPC generates its predictive optimal inputs utilizing the nom-
inal model and state:

x̄+ = Ax̄+Bū, ȳ = Cx̄ (3.3)

whereby the error between the estimated and nominal states is e = x̂− x̄. The value
of error, e and nominal control input ū are used to construct control input u:

u = ū+Ke (3.4)

where K is chosen to ensure that the eigenvalues of (A + BK) lie within the unit
circle of the complex plane.

The minimal Robust Positive Invariant (mRPI) sets have been used in order to
bound the values of x̃ and e signals. These sets are defined in [16]:

A set Ω is a robust positive invariant set for the system x+ = f(x,w) and
constraint set (X,W) if Ω ⊆ X and f(x,w) ∈ Ω, ∀ w ∈W, ∀ x ∈ Ω.

To calculate this set for the state estimation error x̃ in [15], Equation (3.2) is
subtracted from Equation (3.1) and rewritten as the resulting difference equation:

x̃+ = (A− LC)x̃+ δ̃, δ̃ = w − Lv (3.5)

where δ̃ lies within the set ∆̃ defined by ∆̃ , W⊕ (−LV)1.
Utilizing the method defined in [17] and Equation (3.5), the mRPI set, S̃ for x̃

is calculated, which satisfies the following relationship:

x̃(0) ∈ S̃ =⇒ x̃(i) ∈ S̃ ∀ i ≥ 0 (3.6)

Similarly, the mRPI set for the observer and nominal state error may be calcu-
lated by subtracting Equation (3.3) from Equation (3.2) and rewriting the resulting
difference equation as:

e+ = (A+BK)e+ δ̄, δ̄ = LCx̃+ Lv (3.7)

where δ̄ lies within the set ∆̄ defined by ∆̄ , LCS̃ ⊕ LV.

1⊕ represents Minkowski sum.
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Again, applying the method defined in [17], the mRPI set, S̄ for e may be calcu-
lated, in which the following relationship is satisfied:

e(0) ∈ S̄ =⇒ e(i) ∈ S̄ ∀ i ≥ 0 (3.8)

After obtaining the mRPI sets, S̃ and S̄, these sets are used to impose stricter
constraints on the nominal system given in Equation (3.3). Utilizing the relationship
between actual and nominal states and that exhibited in Equation (3.4), the following
nominal state and input constraints:

X̄ , X	 S S , S̃ ⊕ S̄ Ū , U	KS̄2 (3.9)

may be imposed upon theMPC, and ensure that the actual state and input constraint
sets X and U are satisfied even with the unknown noise and disturbances bounded by
the sets V and W.

The cost function for the MPC problem has been defined:

V (x̄, ū) , (1/2)x̄′NPx̄N +
N−1∑
i=0

(1/2)[x̄′iQx̄i + ū′iRūi] (3.10)

where Q, R, and P are the cost matrices of the MPC penalizing the states, inputs,
and terminal states of the MPC, respectively. Furthermore, the initial nominal states
are selected to satisfy:

x̂ ∈ x̄⊕ S̄ (3.11)

which can ensure the errors in estimated and nominal states become bounded by S̄
from the onset of the MPC calculation.

3.2 Track Settling Control for the Triple-Stage Sys-

tem

Now that the methodology of robust output feedback MPC outlined in [15] has
been introduced, the control methodology may be modified and implemented to the
higher-order plant model, exhibited in Equation (2.1).

2	 represents Minkowski difference.
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3.2.1 Control Block Diagram

In order to account for the case in which the full dynamics of the plant are not
completely available and to reduce the computational time of mRPI sets, the 5th

order reduced-order model is applied as an approximation of the actual plant model
in the calculations of the mRPI sets, where discrepancies due to model mismatch may
be attenuated and removed by the MPC’s iterative method. The resulting control
and plant block diagram is exhibited in Fig. 3.1,

dVCM

dPZT

dTh

r

y

v

Robust Output 

Feedback MPC

Reduced-Order 

Model

x + = Ax + Bu + L(y - y)

y = Cx

xP
+ = APxP + BPuP + BPd

y = CxP + v

Plant Model

uVCM

uPZT

uTh

yPZT

yVCM

yTh

VCM

PZT

Th^ ^

^^ ^

Figure 3.1: Triple-stage track settling control design, where V CM , PZT , and Th denote
the inputs, disturbances, outputs, and actuators of the V CM , PZT , and Thermal actuators
respectively.

where the MPC calculates optimal inputs for each actuator using the reduced-order
model. These inputs are then applied to the higher order plant model to produce
the actual outputs of each actuator. The actual outputs are then summed together
before being fed back into the MPC along with the reference, r, being tracked.

3.2.2 Output Constraints to State Constraints

Besides the implementation of the plant and reduced-order models, the constraints
of the triple-stage system must be taken into account, in the implementation of the
triple-stage system. The system input set, U, and the system state set, X, may be
simply determined using the bounds and constraints provided in [11, 18]. Output of
each actuator can be written as:
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yV CM = CV CMxV CM , yPZT = CPZTxPZT , yTh = CThxTh (3.12)

where the subscripts ”V CM”, ”PZT”, and ”Th” designate the V CM , PZT , and
Thermal actuators respectively. Therefore, the state set X may be obtained by:

CV CM 0 0
−CV CM 0 0

0 CPZT 0
0 −CPZT 0
0 0 CTh

0 0 −CTh

x ≤

yV CM,high

−yV CM,low

yPZT,high

−yPZT,low

yTh,high

−yTh,low

 (3.13)

where the subscripts ”high” and ”low” represent the corresponding upper and lower
bounds of the V CM , PZT , and Thermal actuator outputs.

Another issue of importance when implementing the robust output feedback MPC
methodology to the triple-stage system is that the disturbance due to windage takes
the form of disturbance in the input of the system instead of direct disturbance to
the states of the system, shown in Equation (3.1). To resolve this, we reformulate
Equation (3.5) as:

x̃+ = (A− LC)x̃+ δ̃ δ̃ = Bd− Lv (3.14)

where δ̃ lies within the set ∆̃ defined by ∆̃ , BD⊕ (−LV) and input disturbance due
to windage satisfies d ∈ D. Equation (3.14) is then used in place of Equation (3.5) to
calculate the mRPI set, S̃.

3.3 Controller Initialization

Since the controller uses a Luenberger observer to estimate the states of the triple-
stage system, and the controller does not necessarily have information on the real
initial states of the triple-stage system, a method of initializing the controller and the
minimum jerk trajectory to which the actuators track must be considered.

3.3.1 Initializing the Observer

In initializing the estimated state of the observer, as the V CM actuator is the only
active actuator in track seeking, an estimate of the initial state is made utilizing only
the initial, known plant output,

12



x̂0 =


y0

KV CM

0
0
0
0

 (3.15)

Here, the first state is the one controlling the position of the V CM actuator
position and KV CM represents the gain on that actuator.

3.3.2 Initializing the Trajectory and Tracking

In order to formulate the minimum jerk trajectory, the initial position, velocity, and
acceleration of the output of the triple-stage system must first be determined. To
achieve this, the MPC controller is allowed to run for a few iterations from its initial
state with an initial cost function. In place of the cost function in Equation (3.10),
this cost function is defined:

V (x̄, ū) , (Cx̄N − Cx̂0)′Q(Cx̄N − Cx̂0)

+
N−1∑
i=0

[(Cx̄i − Cx̂0)′Q(Cx̄i − Cx̂0) + ū′iR(k)ūi]
(3.16)

in which the MPC penalizes deviations from the initial position and excessive inputs.
R(k) changes with the time step of the system, k, so that the penalization on the
inputs of the PZT and Thermal actuators decrease over time. As the penalization
on the inputs of the PZT and Thermal actuators decrease, they gradually become
more active in compensating for errors in reference tracking.

After a few iterations of using the cost function in Equation (3.16), the necessary
approximations of p0, v0, and a0 may be made utilizing Equation (2.3) and Equation
(2.4), and the minimum jerk trajectory reference may be formulated using Equation
(2.2). The cost function of the MPC is switched from Equation (3.16) to the reference
tracking cost function:

V (x̄, ū) , (Cx̄N − r(N + k − j))′Q(Cx̄N − r(N + k − j))

+
N−1∑
i=0

[(Cx̄i − r(i+ k − j))′Q(Cx̄i − r(i+ k − j)) + ū′iR(k)ūi]
(3.17)

where the MPC changes from maintaining the initial output, Cx̂0, to tracking the
reference trajectory, r. Additionally, j represents the step at which minimum jerk

13



trajectory tracking is initialized.
Furthermore, in order to satisfy Equation (3.11) and track the reference trajectory,

the initial nominal states used by the MPC at each iteration are selected to satisfy
x̂k = x̄0, as the origin exists in the set S̄.

14



Chapter 4

Simulation Results

4.1 Simulation and Controller Setup

Prior to track settling, the PZT and Thermal actuators are considered to be at rest,
as they are assumed to be inactive during the track seeking phase, prior to track
settling.

In the construction of the mRPI sets and simulation of the controller, the ob-
server, L, was selected to place the poles of the V CM observer at 0.9, whilst leaving
those of the PZT and Thermal actuators untouched, but within the unit circle of the
complex plane. At the same time, the feedback gain K, was chosen so the poles of
(A+BK) were placed at [0.95; 0.9425; 0.9475; 0.945; 0.94]. Pole placement at these
locations prevent the set KS̄ in Equation (3.9) from becoming too large and resulting
in Ū becoming an empty set.

The discrete sampling frequency used in the MPC and simulation was selected as
100kHz with k representing the iteration number of the discrete time step of 10µs.
The horizon of the MPC, N , was selected to be 10 iterations, and the reference
trajectory tracking was initialized at the 4th iteration of the MPC. The output cost
matrix Q was selected to be the identity, whilst R(k) was selected as the following:

R(k) =

1 0 0
0 αPZT (k) 0
0 0 αTh(k)

 (4.1)

where the input penilization functions αPZT (k) and αTh(k) are functions that decrease
over the time step k. These functions have been adjusted such that the PZT and
Thermal actuators become increasingly active in reference tracking over time.
where Tsim is the length of the simulation, KV CM , KPZT , and KTh are the gains on
the transfer functions of the V CM , PZT , and Thermal actuators respectively.
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4.2 Results and Discussion

The triple-stage track settling problem was simulated with our controller using the
higher order plant model as discussed in the previous sections. The initial the 12th

order plant, x0, has been selected as [−0.84; −0.59; 19; −62; 0; 0; 0; 0; 0; 0; 0;
0]T . While the initial states of the 4th order V CM actuator correspond to the first
four elements of x0, the initial states of the 2nd order PZT and 6th order Thermal
actuator correspond to the following two and six elements of x0 which have been set
at 0. Considering that actuator constraint saturation does not occur for all initial
conditions, the initial state of the V CM actuator that compose the first four states
of x0, has been excitated and selected such that constraint saturation occurs.
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Figure 4.1: Actual plant and estimated output results of the robust output feedback MPC
controller in tracking the minimum jerk trajectory.

As Fig. 4.1 shows, the robust output feedback MPC is capable in guiding the
settling of the higher-order plant on the minimum jerk trajectory. Though there is
an initial discrepancy in actual and estimated plant outputs, as well as oscillation at
the onset of the track settling simulation due to model mismatch and differences in
initial estimate and actual plant states, this oscillation quickly decays over time, and
the actual and estimated outputs settle onto the desired reference trajectory. By the
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end of the settling period, the discrepancy in actual output and reference trajectories
are reduced to within a tenth of a track.
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Figure 4.2: Individual input results for each actuator as calculated by the robust output
feedback MPC controller.
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At the same time, as can be viewed in Fig. 4.2, there are no violations of the
input constraints of ±5V , ±5V , or ±10V in either the V CM , PZT , or Thermal
actuators, respectively, even with input disturbance due to windage. Noticeably, in
the input of the V CM actuator, the input voltage tops off before reaching the V CM
input constraints of ±5V . This is due to the stricter constraints, Ū, imposed in the
MPC, which take into account the worse case scenario of noise and disturbances on
the system, to ensure the actual hard constraints, U are never violated.
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Figure 4.3: Individual output results of each actuator as estimated by the robust output
feedback MPC controller and produced by the actual plant.

Similarly, the output constraints of each actuator are satisfied as shown in Fig. 4.3.
Here, the PZT and Thermal actuators remain within their desired bounds of±3.15TP
and ±0.8TP . As with the inputs to V CM actuator, the output of the PZT actually
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never rises to the actual output constraints of the plant. This is due to the stricter
state constraints, X̄, imposed in the MPC, which take into account the worst case
errors between the actual state and the estimated or nominal states due to noise and
disturbances.

Comparing the individual stages of the system in Fig. 4.2 and Fig. 4.3, it can be
observed that the V CM actuator is naturally most active during the beginning of the
track-settling period, when it is used for course positioning of large errors in reference
trajectory tracking. In the other case, the PZT actuator is used for more moderate
positioning during the track settling period, for fixing more minor errors in reference
trajectory tracking. Finally, the Thermal actuator becomes active and becomes most
important towards the end of the track settling period to compensate for the small
discrepancies at the end of the reference trajectory tracking, and for fine position of
the head of the triple stage system.

4.3 Comparison to Dual-Stage System

Comparing the results of this triple-stage simulation with that of a dual-stage simu-
lation in which the Thermal actuator remains inactive, Fig. 4.4 exhibits the resulting
magnitude in positioning error in tracking the same reference trajectory.
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Figure 4.4: Magnitude in reference tracking error of triple and dual-stage simulation results.
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Though the two systems remain relatively the same at the beginning of the track
settling period, once the Thermal actuator of the triple-stage system becomes active
towards the end, the Thermal actuator works to improve reference tracking and reduce
tracking error. During the last millisecond of the track settling period, positioning
error results of the triple-stage and dual-stage systems are exhibited in Table 4.1.

Configuration Mean of Error Standard Deviation of Error
(TP ) (TP )

Dual-Stage 0.0201 0.0111
Triple Stage 0.0146 0.0084

Table 4.1: Magnitude in reference tracking error of triple and dual-stage simulation during
the last millisecond of the track settling simulations.

As can be observed, both the mean and the standard deviation in position error
for the triple-stage system are less than that of the equivalent dual-stage system, with
a reduction in error of 27.4 percent for the mean and 24.3 percent for the standard
deviation.
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Chapter 5

Conclusion

In conclusion, the robust output feedback model predictive control method has been
applied to track settling problem in a triple-stage system, where the objective is to
follow a minimum jerk trajectory. This method has been modified to utilize a low
order model, 5th order, for the controller design and applies the designed controller to
a higher order plant, 12th order. The designed controller for the triple-stage settling
problem has been capable to settle the head on the desired track with 10 percent of
track pitch accuracy while satisfying all input and output constraints of the actuators.
Moreover, the system has been under the effects of input disturbance due to windage
and output noise. An additional comparison of the simulation of the triple-stage
settling control to that of a dual-stage system exhibits an improvement in fine position
of a 27.4 percent in mean error during the last ms of the track-settling period.
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