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Abstract

This paper proposes controller design methods, specially for track-following con-
trol of the magnetic read/write head in a hard disk drive (HDD). The servo system to
be considered is a general dual-stage multi-sensing system, which encompasses most
of the track-following configurations encountered in the HDD industry, including the
traditional single-stage system. For the general system, a robust track-following prob-
lem is formulated as a time-varying version of the robust Hs synthesis problem. Both
dynamic and real parametric uncertainties, which are typical model uncertainties in
track-following control, are taken into account in the formulation. Three optimal ro-
bust controller design techniques with different robustness guarantees are applied to
solve the synthesis problem. These are mixed Ho/H,, mixed Ha/u, and robust Hy
syntheses. Advantages and disadvantages of each method are presented. Multirate
control, which is inherent to control problems in HDDs, is obtained by reducing multi-
rate problems into linear time-invariant ones, for which there are many useful theories
and algorithms available. Most of the techniques proposed in this paper heavily rely

on efficient numerical tools for solving linear matrix inequalities.
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1 Introduction

Track-following control of the magnetic read/write head in hard disk drives (HDDs) is
of great importance in meeting recent and future requirements of extremely high track
density. For a given system consisting of several components such as a suspension, sensors,
and actuators, servo control should achieve optimal track-following performance to meet
several objectives. Optimal control will not only realize small track-misregistration but
also give us useful information regarding the limitations of a given system, as well as useful
information on how to modify the system structure.

In addition to optimality, robustness is essential in track-following control. This is
because there are many disturbances affecting the control system, such as measurement
noise, track runout, windage, and external shock. Moreover, a controller has to be designed
so that it maintains acceptable track-following performance for hundred of thousands of
HDD units with slightly different dynamics.

This paper proposes several robust and optimal control methods for a general servo
system, called the dual-stage multi-sensing (DSMS) system. The DSMS system has two
actuators and several sensor measurements, and is expected to be necessary for achieving
the highly precise track-following that will be required in future HDDs. For this multi-
variable control system, it is not easy to systematically design a controller that provides
both optimality and robustness by using classical control theory. Therefore, we will ap-
ply advanced robust control theories such as mixed Ha/Hx,, mixed Hsy/p, and robust Hy
syntheses, to the present multivariable control problem.

In order to enhance performance, we should exploit the freedom of using different
sampling/hold rates in the DSMS system. In HDDs, the sampling rate of the position error
signal (PES) is determined by the disk spinning speed and the number of servo sectors,
while the sampling /hold rates of other sensors, such as a sensor measuring the head relative
to the suspension tip, or a vibration sensor in the suspension, are flexible. It is natural to
presume that the increase of these rates will improve track-following performance. In this

paper, we will assume arbitrary sampling/hold rates.



The paper is organized as follows. In Section 2, a multirate robust track-following
problem is formulated mathematically. Section 3 reviews the method in [3, 10] for the
reduction of multirate control problems to time-invariant control ones. Section 4 presents
three robust control design methods that solve the formulated robust track-following prob-
lem approximately. The linear matrix inequalities (LMIs) used in this paper are presented
in the Appendices.

This paper plays a role in theoretically supporting the accompanying paper [5], even
though this paper assumes a general structure of a DSMS system. Since this paper will
focus on presenting design techniques for track-following control in HDDs, readers are

referred to [5] for more background on track-following control and simulation results.

2 A robust track-following control problem

In this section, we will formulate a multirate robust track-following control problem to
be tackled in this paper. The formulation is general enough to cover most of the track-
following control problems encountered in the magnetic disk drive industry, such as single-
stage and dual-stage control, irrespective of the type of the secondary actuator, and the
locations/number of sensors. One practical example of track-following control which re-
duces to the formulation given below is presented in the accompanying paper [5].

Let us consider a discrete-time! linear time-invariant generalized plant with an uncer-

tainty block (see Fig. 1):
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!Throughout this paper, we assume that, if a plant model is originally given in continuous-time, it has

been discretized with the fastest sampling/hold rate.



where we have used the standard notation:
A|B
=D+ C(2I - A)7'B. (3)
C|D
Here, u is the input vector of length 2, which consists of signals to the voice coil motor
(VCM) and an auxiliary mini- or micro-actuator. y is the measurement vector (of any
length), typically consisting of the PES, the suspension vibration signal measured by
PZT sensors, the position of the magnetic head relative to the gymbal, as measured by
a microactuator relative position sensor, and so on. 23 is the control output vector,
typically consisting of the PES and input amplitudes, and ws is the disturbance vector
of all undesirable signals, such as track runout, windage, and measurement noise. All the
matrices in (1) are constant and assumed to have compatible dimensions. The generalized

plant is comprised of the VCM and secondary actuator dynamics, as well as weighting

functions.

Generalized
plant

Multi-rate controller

Figure 1: A generalized plant with an uncertainty block A and a multirate controller

HKS

The uncertainty block A is assumed to be a diagonal matrix in the set:
A = diag[d1,...,0p, Ay, Ayl
B:= 5; €BR, j=1,...,p : (4)
Ay € BHy,, Ay € BHo,
where p is the number of parametric uncertainties, and

BR = {reR:|r| <1},
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BHy = {f€Hx:||flloo <1}.

The real uncertainty d; is interpreted as a parameter variation in the dynamics of the VCM
and the auxiliary actuator, such as gain, damping ratio and resonance frequency. Dynamic
uncertainties Ay and Ay are typically due to high-frequency unmodeled dynamics in the

VCM and the secondary actuator, respectively.

Remark 2.1 It may happen that some parametric uncertainties appear repeatedly as 0;1.
However, since the subsequent discussions are almost unchanged even in such cases, we

just consider the case of non-repeated parametric uncertainties.

Denote the operator from ws to z2 by T%,.,. This operator depends on the uncertainty
A and a multirate controller HK S, where S and H mean a multirate sampler and a multi-
rate hold, respectively. Thus, we show the dependence explicitly as Ts,., (HKS,A). Note
that the operator T,,,(HKS,A) is time-varying in general due to the multirate sampler
and hold. Then, a multirate robust track-following control problem can be formulated as

follows.

Problem 2.2 For given multirate sampler S and hold H with fixed sampling and hold
rates, design a controller K that stabilizes exponentially the closed-loop system for all
A € B, and minimizes the worst-case RMS value of zo against Gaussian white noise wa,

or equivalently, solve the optimization problem

i Toywy (HKS, A)|], 5
Kren,é?g)rgggll 2w ( ) 1P (5)

where KC(B) is the set of all controllers that exponentially stabilize the closed-loop system

for all A € B, and ||-||, denotes the ly semi-norm defined for time-varying systems in [15,

p. 73]

This is a multirate robust performance synthesis problem, with parametric and dy-
namic uncertainties. We remark that this problem is general in that it contains, as special

cases, single-stage single-sensing cases, as well as single-rate cases.



Unfortunately, the formulated problem is difficult to solve exactly with existing control
theory and computational tools, because of the nonconvexity and relatively large size of
the typical track-following control problem. Therefore, in Section 4, we will present design

methods to solve this problem in certain approximate cases.

3 Multirate control

Before proceeding with the exposition of control design techniques for the formulated
robust performance synthesis problem, in this section, we will review a way to transform
a multirate control problem into a time-invariant one, for which there are many useful
theories and numerical algorithms available. To this end, we follow the technique used in
[10, 3, 15]. For the ease of notation, only in this section, we remove the uncertainty block

A, as well as signals zan and wa, and consider a simplified generalized plant:

A | By B,
) wa
= | Ca| D22 Doy . (6)
Yy u
Cy | Dyo 0

However, even with the uncertainty block A and corresponding channels wa and za, the

argument in this section remains analogous.

3.1 Reduction to time-varying control

First, by combining the generalized plant with the multirate sampler and hold, we will
obtain a periodic time-varying system (See Fig. 2). The explicit form of such a system
will be derived next.

A multirate sampler S is expressed mathematically as

S:g(k) =D(k)y(k), k=0,1,2,..., (7)

where I'(k) is a diagonal matrix with diagonal entries of 0 or 1. If the i-th measurement
is sampled at time k, the (¢,7)-entry of I'(k) is set to 1; otherwise, it is set to 0. In the

single-rate case, I'(k) = I for any k = 0,1,2,.... We assume that the sampler is periodic



A periodic time-varying system
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Figure 2: A periodic time-varying system consisting of a time-invariant generalized plant,

a multirate sampler S and a multirate hold H

with a period Tk, i.e.,

T(k+T,)=T(k), k=0,1,2,.... (8)

To represent a multirate hold H mathematically, we decompose the input vector u into

vectors with fastest and slower hold rates as follows:

w= | ], (9)

uf
where the subscripts “s” and “f” stand for slower and fastest respectively, and channels
with slower sampling rates are gathered at the top of the vector u without loss of generality.
Here, the term “fastest rate” refers to the fastest rate among not only hold rates, but also

sampling rates. Thus, if the fastest sampling rate is faster than any hold rate, u consists

of only us. Then, the hold is a mapping;:

zp(k +1) A Bulh) (k)
us (k) - " s (k) : (11)
Cn(k) Dn(k)
Uf(k‘) af(k)



where zy, is the state vector of H, and for £k =0,1,2,...,

Ap(k) = I, — Q(k), By (k) == [Q(k),0],
I, — Q(k Qk) 0 (12)
Ch(k) = (%) , Dp(k) = (k) :
0 0 I,

Here, the dimensions of us and uy are denoted by n, and ny respectively, Q(k) € R™s*™s
is a diagonal matrix with diagonal entries of 0 or 1, and plays a similar role to I'(k) in
(8). If we feed the i-th input signal of @5 from the controller at time k, then (4, 4)-entry of
Q(k) is set to 1; otherwise, it is set to 0, resulting in the i-th input at time k equal to the
i-th input at time k — 1. In the single-rate case, the hold degenerates to a static system

u(k) = u(k). We assume that the hold is periodic with a period T}, i.e.,
Qk+Ty,) =Qk), k=01,2,.... (13)

Now, we suppose that the periods Ts and T}, are rationally related, that is, their least
common multiple

T :=lcm.(Ts,Tp) (14)

is an integer. Then, by combining (6), (7) and (11), we obtain a linear periodic time-

varying system with the period T

i(k+1) A(k)  Ba(k)  Bu(k) (k)
2(k) | = | Ca(k) Daa(k) Doy(k) wa(k) | (15)
(k) Cy(k) Dya(k) 0 a(k)
for k=0,1,2,..., where the matrices in (15) are obtained by straightforward calculation



as follows:

- A B,Cn(k
(k) = R0

0 An(k)
Balk) = [BQ By = | P

0 By (k)
- 16
Co(k) := [ Cy Dy, Ch(k) ] 10
G =1 | ¢, 0.

Note that the system (15) includes all the information about the multirate sampler and

hold.

3.2 Reduction to time-invariant control

Next, we will apply known controller design methods for time-varying systems to the
system (15), thereby we can obtain a multirate controller.

It is proven in [15, 3, 10] that many important control synthesis problems for time-
varying systems can be solved in a very similar way to those for time-invariant systems.
Moreover, for periodic time-varying systems, these problems can be reduced to finite-
dimensional convex optimization problems, which can be solved by using efficient numer-
ical techniques for linear matrix inequalities (LMIs).

To be more concrete, using the matrices in the periodic time-varying plant (15) with

its period T', let us consider an auxiliary linear time-invariant system:

ZA|ZBy ZB,
zZ9 w2
= Cy | Dy, Do, ’ (17)
Yy u
C, | Dy 0

Here, matrices with bold capital letters are block-diagonal? consisting of the matrices in

2Throughout this paper, we use bold capital letters to denote block-diagonal matrices.



(15); for example,

A(0)
A= , (18)
A(T —1)
and Z is a “shift” matrix which is of compatible size with A and defined by
0 0 I
I 0
7 = (19)
I 0

The vectors z9, ws, y and u are considered as “lifted” signals of z9, we, § and @ in (15),
respectively.

By a combination of the theories in [15, 3, 10], we can deduce the following equivalence:

e A time-invariant controller

ZK, | ZKp
u —=

y (20)
Ko Kp

stabilizes the time-invariant system (17), and satisfies an Ha or Hy, norm condition:

T2, ifi=2,
HTZ2UJ2”@' < (21)
v, if i = oo,

where T' is defined in (14). Here, the matrices in (20) are block-diagonal, and we

denote them as
K (0)

Ky = , (22)

Ku(T -1)
where “M” can be A, B, C or D. and the block sizes in Z are compatible with the

block sizes in K 4.

e A periodic time-varying controller

wr(k+1) Ka(k) Kgp(k) | | zx(k)
u(k) Kc(k) Kp(k) y(k)
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of the period T stabilizes exponentially the time-varying system (15), and satisfies
a norm condition

| Teowsll; <7, =2 or fr-induced. (24)

In this way, the f5 semi-norm or ¢s-induced norm suboptimal control problem for a
periodic time-varying system can be transformed into a standard Hs or H, suboptimal
control problem for a time-invariant system, with a controller structure (20) and (22). The
controller structure can be guaranteed by solving the suboptimal control problems with
numerical tools for LMIs.

To summarize, our procedure to solve a multirate control problem is:

1. Derive a time-invariant system (17).
2. Design a controller (20) for (17).

3. Obtain a periodic time-varying controller (23) by decomposing controller matrices

as (22).

4 Robust controller design

In this section, we will present three robust controller design methods useful for robust
track-following: mixed Hy/Ho, mixed Hs/p and robust Hs syntheses. These methods
are based on convex optimization involving LMIs, to which there are numerically efficient
algorithms [13] and software [18, 4, 11] available. Some of the LMIs which are neces-
sary to solve optimization problems will be given in the Appendices. Advantages and

disadvantages of each method will be summarized.

4.1 Mixed H,/H,, synthesis

The mixed Hy/Hq synthesis is a well-known design method for reconciling performance
and robustness [2, 9]. Since this approach can deal with only unstructured dynamic
uncertainties, we will ignore parametric uncertainties in A. In this approach, we can
guarantee only robust stability for individual, not simultaneous, perturbations of Ay and

Ajs. See Fig. 3.

11
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Figure 3: Uncertainty structure for mixed Hy/H, synthesis

Denote the set of all controllers that stabilize the closed-loop system in Fig. 3 for
Ay € BHy, and for Ay € BH,, by Ky and Ky, respectively. Then, the control problem

in this approach is formally stated as follows.

Problem 4.1 For given multirate sampler S and hold H with fixed sampling and hold
rates, design a controller K that exponentially stabilizes the closed-loop system for all
Ay € BHy, and Ay € BHy, and minimizes the nominal RMS value of zo against

Gaussian white noise ws, or equivalently, solve the optimization problem

KEIICI%/IIEICM ||TZQ’LU2 (Hst 0)”2 : (25)

This problem can be rewritten as follows:

”TZ2w2(HKSv O)HQ <1,

i subject t
m[én% subject to HT

v wy

(HKS)le, <1, (26)
”TZMUJM(HKS)H& <1,
where 2y, zp7, wy and wyy are signals shown in Fig. 3, and || - ||, means the f2-induced

norm. We can solve the optimization (26) by following the procedure given at the end of

Section 3. An auxiliary time-invariant system corresponding to (17) can be expressed in

12



this case as

wy zv
w s ZM
G: — ,
w2 z2
u y
ZA | ZBy ZBy ZB, ZB, (27)

Cyv | Dyy Dyy Dyy Dy,
G(z):==| Cy | Dyv Dyy Dy Dy |

Cy | Dyy Dy Diy Doy,

| Cy | Dyv  Dym Dy 0 |
where all the block matrices are obtained by the transformation process from multirate
control to time-invariant control presented in Section 3. Using the system matrices, the
inequality conditions in (26) can be expressed as LMI conditions [17, 12], which are given
in Appendix A.

Main advantages of the mixed Hs/H o method in track-following control are that the
computational cost involved in finding a solution to (26) is relatively low, and that an
optimal solution is guaranteed to be obtained given a feasible condition. While the robust
H, synthesis methodology which will be presented later involves the iterative solution
of convex optimization problems in order to solve a nonconvex one, the mixed Hs/Hx,
method requires the solution of just one convex problem. However, a disadvantage of
this method is that it can neither deal with structured uncertainties, nor guarantee robust

performance. In other words, there is no guarantee that robustness in our original problem

(Problem 2.2) is indeed satisfied by the mixed Hs/H, design.

4.2 Mixed H,/u synthesis

The p-theory is a powerful tool to deal with various types of uncertainties in robust control
[14]. If the performance is evaluated with the ¢s-induced (or Hs) norm, one can design
a controller for robust performance via the so-called D-K iterations in the p-synthesis

theory. However, since the performance measure in the present problem is the /o semi-

13



norm (or Hs norm), we cannot use the p-synthesis theory as it is. Here, we combine
the D-K iteration with the mixed Hs/Ho synthesis to design a controller to achieve
nominal performance optimization with guaranteed robust stability. To be more precise,

we consider the following problem.

Problem 4.2 For given multirate sampler S and hold H with fixed sampling and hold
rates, design a controller K that stabilizes the closed-loop system for all A € B, and
minimizes the nominal RMS value of zo against Gaussian white noise wo, i.e., solve the
optimization problem

in || Tsw, (HKS, 0|, . 28
it (T, (S, 0] (28)

Notice that the only difference between (28) and (5) is that the term “maxaeg” is not
taken into consideration in (28), and thus we optimize only nominal performance.

Let us first consider a simpler situation where K is a single-rate controller. Then,
by p-analysis theory [14, 21], the condition K € K(B) can be guaranteed by K € K(0)
(nominally stabilizing) and

HDTZ (R’)D*H <1, (29)

[e.e]

AWA

for some matrix function D € D. Here, D is a set of matrix functions associated with B

in (4) and defined by

D::diag dl,...,d 2
Do [ p+] . (30)

dJEHtXM dj_leHoov ]:177p+2

Therefore, problem (28) can be solved via mixed Hs/H, optimization with D-scaling:

1 Tey05 (K, 0)]]2 < 7,
~ min 7, subject to = . (31)
KeK(0),DeD H‘DTZAU)A (K)D—l H < 1.

o0

Using the single-rate result, it is possible to solve the above multirate control problem

approximately, with the following procedure.

1. Design a rational matrix D € D, as well as a single-rate controller K with the fastest

sampling/hold rate (or a continuous-time controller if a generalized plant is given in

14



continuous-time), that solves the optimization

inf HDTMM(K)D*H . (32)
DeD,KeK(0) 0

2. Using the D obtained in Step 1, solve a multirate mixed Hs/Hq, problem:

Tz yn (HEKS, 0)]]2 <,
min +, sub. to T | (33)

KeK(0) | DT yws(HES)DH|, < 1.

We remark that the constraint
| DT pwa (HKS)DH|, <1 (34)

guarantees closed-loop stability for all A € B, due to the Small Gain Theorem. The
optimization problem (32) in Step 1 can be solved via D-K iteration with “u-Analysis
and Synthesis Toolbox” (or the latest “Robust Control Toolbox”) in MATLAB [1]. On the
other hand, since the optimization problem (33) is of the same type as (26), the technique
outlined in Section 4.1 can be used to solve the optimization in Step 2.

The main advantage of the proposed mixed Hs/p synthesis, as compared to the mixed
Hy/Hy synthesis, is the freedom in the selection of D. Notice that D = I corresponds
to the mixed Hy/Hy design. Because of this freedom, we can expect better nominal
performance and robust stability. However, one disadvantage is that the problem becomes
nonconvex, and therefore, the obtained solution may not be a global optimum. Moreover,
the solution may be computationally expensive to obtain, especially when we select a D of
high order. In addition, like the mixed Hs/H, approach, there is no guarantee regarding

robust performance.

Remark 4.3 Since our uncertainty set B includes parametric uncertainties, we can have
a less conservative robust stability condition than (29) (see [21, 22, 19]). If we use the
less conservative condition, an extra “G-scaling” must be introduced. This will increase

the computational effort, as well as the final controller order.
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Remark 4.4 [t has been our experience that the mized Ha/p controller performs better
if the performance channel is included in solution to Step 1, even though the measure in

u-synthesis is not the Hy norm but rather the Hoo norm.

4.3 Robust H, synthesis

The previous two methods cannot handle robust performance, and therefore, plant per-
turbations may degrade the track-following performance to an unacceptable extent. The
third method, which is based on the result in [8], can guarantee robust performance for
parametric uncertainties, but not for dynamic ones.

Define a set B, of parametric uncertainties as
By :={A :=diag[01,...,6p], ; € BR, j=1,...,p}. (35)
The design problem in this section is stated next.

Problem 4.5 For given multirate sampler S and hold H with fized sampling and hold
rates, design a controller K that stabilizes the closed-loop system for all A € By, and
minimizes the worst-case RMS value of zo against Gaussian white noise wo for all A € By,

i.e., solve

Kgllci(ﬂlsp)ineals}; | Topwe (HEKS, A)]], . (36)

To use the result in [8], we need that the following assumptions are satisfied.

Assumption 4.6 Daa =0 and Dya =0 in (1).

The assumption Daa = 0 guarantees that the closed-loop system matrices depend on A
affinely (see (38)), while Dya = 0 ensures the well-posedness of the closed-loop system
by forcing the direct term from u to y to be zero (see (37)). These assumptions are not
restrictive, since they hold most of the track-following problems in HDDs.

In the case with only parametric uncertainties, the uncertain system from [wg ,ull?

16



to [24,y1]T is obtained as

A®| BY B
22 w2
= | c{ | Dy D5 , (37)
Yy u
Cy | Dy 0

where the superscript “A” means a “matrix with uncertainties”, and the system matrices

are given by

A® BY B2 A By By
CQA D2A2 D?u CZ D22 D2u (38)
Ba
+ Al Cn Dps Day
Dan

In the robust Hs method that will be explained below, it is important that the system
matrices in (38) are affine in A, and that A belongs to a convex polyhedron B, (which is
a hypercube in the present setting).
To deal with the multirate characteristics of the controller, we use the procedure in
Section 3. Then, for an augmented time-invariant plant:
ZA® | ZBY ZB%

zZ9 w2

Cy | Dy 0
we need to design a linear time-invariant controller of the form:

ZK 4 | ZKp

u =

Y. (40)
K¢ | Kp

We remark that all the uncertain matrices in (39) are affine in A. The time-invariant

closed-loop system of (39) and (40) is expressed as

Ae @,A B, ®7A
(Tu(0, A))(2) = 1(©,A) | Ba(©,A)

)

Ccl(@> A) Dcl(@> A)

Z(AS +20¢) | Z(BS +B20Dy)

Cst +D10¢ | DS+ DHODy

17



where the matrices are defined by

Z 0 K, Kgp
Z = y 0= )
0 Z Kc Kp
A% 0
A = ,
0
0 B4 B%
BA = ,BA=| 7,
I 0 0
0 I 0
¢ = , Doy = )
Cy 0 Dy2

COA::{CZA 0},91%::[0 D%]-

Our problem is to find a robustly stabilizing controller matrix © that solves
i T.4(0,A)||s.
min max 1 Ta(©, A)|]2

This can be solved by the following optimization, which involves a finite number of matrix
inequalities:
min -+, subject to
'Po gl J

v > traceW

W Cu(©,Ar) Du(©,Ay)

P 0 > 0,
i (41)

* * I

P; PzA4(0,Ar) PzBuy(0,Ar)

* P 0 > 0,

L * 1
for Ay € V(B,). Here, the matrices P and W are block-diagonal of appropriate sizes,
P, = 2Z"PZ, V(B,) is the set of all vertices of a convex polyhedron B, and the “x-
blocks” are the block matrices that make the total matrix symmetric. The replacement
of infinitely many inequality constraints for A € B, with finitely many ones at vertices

Ay, € B, is possible due to the facts that the closed-loop system matrices are affine in A,

and that the set B, is a convex polyhedron.

18



Unfortunately, this problem is nonconvex, since there are coupling terms between P
and O in (41). However, by using the coordinate descent method (see [7, 6] and references
therein), we can find a local optimum. The procedure is presented next.

[Initial design of O] This will be explained below, as well as in
Appendix B. Set the result of the initial design to ©g. Also, set
i=1.

[Design of P] Fix © := 0;. Solve a convex optimization problem

(41) with respect to v, W, and P. Set a solution P to P;.

[Design of O] Fix P := P;. Solve a convex optimization problem
(41) with respect to 7, W, and ©. Set a solution © to ©;4.

Increment ¢ by one. Continue this iteration until convergence.

Remark 4.7 Theoretically, since the value v is monotonically non-increasing during the
iterations and it has a lower bound (which is 0), it will converge to some positive number.
Numerically, we stop the iteration when the value of v stops decreasing (within some

tolerance).

Generally speaking, in nonconvex optimization problems, the selection of an initial
point is critical. We follow the procedure given in [8] to derive a reasonable initial point,
which will be reviewed in Appendix B.

The advantage of the robust Ha synthesis over the other sinthesis methodologies dis-
cussed in this paper is the ability to cope with robust performance in the design. However,
to utilize the proposed synthesis technique, it is necessary to ignore dynamic uncertain-
ties, which generally capture high frequency unmodeled dynamics, typically unavoidable
in modeling. In addition, the computation of a solution to the robust Hs problem is de-
manding, because we have to solve a series of convex optimization problems iteratively
in order to solve a nonconvex problem. Further, the number of inequality constraints
increases exponentially with the number of parametric uncertainties, since the constraints
are imposed at vertices of a hypercube B,. Therefore, only a few parametric uncertainties

can be included in a practical design.

19



5 Conclusions

In this paper, we have presented three multirate robust controller design methods for track-
following control in dual-stage multi-sensing servo systems. The procedures, advantages,
and disadvantages have been provided for each method. In addition, multirate control
problems have been shown to be reduced to time-invariant control problems. All of the
methods rely on numerically efficient solvers for LMIs. This paper can be seen as a
collection of results from the robust control literature, including those in [3, 10, 8, 14],
which are specially useful for track-following controller design in dual-stage HDDs.

It is known that one major drawback of robust control theory is that the designed
controllers typically have high orders. Therefore, controller reduction should also be done
after all of the three proposed design procedures. Since a multirate controller is periodic
time-varying, we can utilize the existing balanced truncation techniques, e.g., those in
[20, 16], for the reduction purpose. Some realistic examples in [5] show that our design
methods plus model reduction are quite promising in designing low order controllers with
robust track-following performance. Finally, fixed-order controller design such as the one

presented in [6] will be useful in this application, which is an ongoing research.

A LMIs for mixed H,/H,, synthesis

Here, we present LMIs used for our mixed Hy/H, design in Section 4.1. These LMIs can
be derived by combining the ideas of congruent transformations in [17] and of synthesis
for time-varying systems in [3, 15]. We use the following notation: For a block-diagonal

matrix M and a shift matrix Z (see (19)) with appropriate block sizes, we define
My :=2Z"MZ. (42)

Note that M 7 is also block-diagonal.
Using the system matrices in (27) and block diagonal decision variables W = W7,
X=Xx"v=Y", KA, KB, Kc, and K p with appropriate sizes, the optimization
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problem (26) is equivalent to min traceW, subject to

%% C2+D2uKDCy C2Y+D2uf{0

* X I
* * Y
* * *

Doy + D2uKDDy2

0
>0,
0
I
X, 1 XzA+KpC, K
x Yz A+B,KpC, AY +B,Kc
* * X I
* * * Y
* * * *
XzB; +f{BDy2 |
B>+ B,KpDy»
0 >0,
0
I
[ X, I X,A+KsC, Ka
*x Yz A+B,KpC, AY +B,Kc
* * X I
o * Y
* * * *
| * * * *
XzB,+KpD,, 0 ]
B+ B,KpD,, 0
0 cT +CTk,DY,
>0,
0 YCT + K(DJ,
D} + DLK DY,
* I |

where ¢ = V, M. Note that all the entries in the above LMIs are block-diagonal. For the
controller reconstruction, we first compute block-diagonal nonsingular matrices M and

N, having the same block structure as X and Y, and satisfying
MNT =1-XY. (43)
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The controller matrices are given by

Kp = Kp, (44)
Kc = (Ko—KpC,Y)N T, (45)
Kp = M, Kp— XzByKp), (46)

Ky = M, {KA — Xz(A+ B,KpC,)Y

~XyB,KcNT - M;KpC,Y} N7, (47)

Note that the block structures of K 4, Kp, K¢ and K p are guaranteed in the computa-
tions, since all the matrices in the right-hand sides of (44)-(47) are block-diagonal. The
corresponding periodic time-varying controller can be obtained by dividing these block

matrices as in (22).

B Initial controller design in robust H,; synthesis

As has been explained, the robust Hs controller is designed via nonconvex optimization
(41). For nonconvex optimization, selection of an initial point is of great importance.

Here, we review a reasonable method for such selection proposed in [8].

B.1 State feedback

First, for the uncertain system (39), we design a state feedback controller:
u= K.z, (48)
that optimizes robust Hs performance:

T . 4
gg‘g;” Z2'w2||2 ( 9)
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As given in Theorem 6 in [8], this problem can be solved by convex optimization with

LMIs:

min _traceW, subject to

W C2Q+ D>L D5
* Q 0 > 07
* * I (50)

Q, A*Q+B5L B2

* Q 0 >07

* * I

where the constraints are imposed at the vertices of B,, A = Ay € V(B,). Using the

solutions L and @, the optimal state feedback is given by

Ko :=LQ™ . (51)

B.2 Output feedback

Next, by fixing K¢ in (51) and K p = 0, we design an output feedback

ZKy | ZKp
u = Y. (52)
K¢ 0
that optimizes robust Hs performance (49). Define
A% = A% + BYK,. (53)
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Then, due to Theorem 8 in [8], this problem can be solved by convex optimization with

LMIs:

min traceW, subject to

W XYUYV

* X
* *
* *
Xz 0

* *

* *

i * *
-XsB2K¢

0
Y

*

\

W C2+D2K: D2Kc D2,

0 0

Y 0

* I
X 7AR

x Yz YzA2 -V -UC,

X ;B4

V-Y; B2Kc YzB% -UD,,

0
0
I

> 0,

(54)

> 0,

where the constraints are again imposed at the vertices of B,, A = Ay € V(B,). Using

the optimizers, K 4 and K g are obtained as

Ki=Y,'V, Kp=Y,'U.
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