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Abstract

A finite dement andyds of frictionless indentation of an dadtic-plagtic hdf-space by a rigid
phere is presented to ducidate the deformation behavior during loading and unloading. The andyss
yieds dimengonless conditutive relations for the normal load, contact area, and mean contact
pressure during loading for a wide range of materid properties and for interference distances ranging
from the inception of yidding to the initiation of fully plagic deformation. The boundaries between
dadic, dadic-plagtic, and fully plastic deformation regimes are determined in terms of interference
distance, mean contact pressure, and reduced eastic modulus-to-yidd drength retio. Relaions for
the hardness and corresponding interference distance versus eadtic-plastic materid properties and
truncated contact radius are introduced, and the shgpe of the plastic zone and maximum equivaent
plagic dran ae interpreted in the context of finite dement smulation results The unloading
reponse of the spherical indenter is dso andyzed to evduate the vdidity of basc assumptions in
traditiond indentation approaches used to measure the hardness and reduced dastic modulus of
materids. An dternative gpproach for determining the reduced eastic modulus, yidd strength, and

hardness of materiasis proposed based on the obtained results.
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1. Introduction

The dadtic-plagtic indentation of a homogenous haf-space by a rigid sphere is a fundamentd
problem in contact mechanics and of particular importance in numerous materids processng and
mechanics agpplications, such as powder compaction, contact of rough engineering surfaces, and
nanoindentation hardness measurement. In powder compaction, the prediction of the globa force-
displacement behavior depends on knowledge of the locd indentation response between particles
(Vu-Quoc et d., 2000). Likewise, models for contact (Komvopoulos and Ye, 2001), adhesion
(Komvopoulos and Yan, 1998), and dtatic and dynamic friction (Chang et d., 1998; Sahoo and Roy
Chowdhury, 2000) of rough surfaces are based on single-asperity conditutive relations of the contact
parameters. The high levd of interest in these subjects is demongrated by the impressve number of
studies published to date (Bhushan, 1996, 1998; Liu et d., 1999; Adams and Nosonovsky, 2000).

Indentation tests have been used from the beginning of the previous century to routindy
measure the plastic properties of metals (Tabor, 1951). As opposed to a typica tenson tedt, the
indentation test is locdized, and can be agpplied ether to smal materid samples or fabricated
machine pats and dructura dements. In recent years, due to extensve development of depth
sendng indentation techniques, nanoindentation has been used to evaduate the mechanica properties
of surface layers and thin films of different materids (Herbert et a., 2001, Huber et d., 2001,
Nayebi et a. 2002). However, current nanoindentation procedures are based on smplified
assumptions about the materid behavior during unloading and empirica reations of the contact area
(eg., Oliver and Phar, 1992) with little input from andyticd and numerica solutions. Therefore, it
is unclear what properties can be messured usng instrumented indentation techniques and what is
the redl indentation hardness of materids.

The firg indentation andyss for a purdy dadtic hdf-space is dtributed to Hertz (Johnson,



1985). A solution for the spherical indentation of a rigid-perfectly plagtic haf-space was obtained by
Ishlinsky (Johnson, 1985) using the dip-line method. Hill et a. (1989) and Biwa and Stordkers
(1995) determined the amilarity solution for a rigid-plagic hdf-space by using the deformation and
flow theory, respectively. According to the smilarity solution, the upper limit of the mean contact
pressure, which is usudly interpreted as the materid hardness, is equa to three times the yidd
grength. However, the dadticity of red maerids plays an important role in the indentation process,
especidly for a rdaively blunt indenter such as a sphericd indenter (Fischer-Cripps, 1997). Johnson
(1985) andyzed the indentation response of edadic-pefectly plastic solids and reported the
successive occurrence of dadic, dadtic-plagtic, and fully plagtic deformation. Based on a smplified
theoreticd modd and assuming fully developed plagtic flow, Johnson (1985) derived a contect
force-digplacement relation.

Theoreticd treatment of dadic-plastic indertation is cumbersome and requires smplified
assumptions because the shgpe and sze of the dadtic-plagtic boundary is not known a priori. This
has led to the use of the finite dement method in numerous dudies of eadic-plastic spherica
indentation (eg., Hady e 4a. 1971, Follansbee and Sinclair, 1984; Krd e d. 1993
Giannakopoulos, 2000; Kucharski and Mroz, 2001). Recently, Komvopoulos and Ye (2001) used
finite dement results to derive dimensonless conditutive reations for the mean contact pressure and
contact area for dadtic-pefectly plagic hdf-space indented by a rigid sphere. In the fully plagtic
deformation regime the mean contact pressure was found to be congtant and equal to 2.9 times the
yield srength, which is close to the value obtained from the Smilarity solution.

The use of a sphericd indenter in hardness measurements is usudly redricted to tedts
involving ductile materids. However, there is a dass of nomindly brittle materids that has been

demondrated to exhibit yidding in indentation tests with spherica indenters a modest loads



(Fischer-Cripps, 1997). Brittle materiads, such as glass-ceramic, possess higher yidd drains than
ductile metds. The shgpe of the plagic zone in brittle materids is markedly different from that in
metds. Mesarovic and Heck (1999) have shown tha the maximum vaue of the mean contact
pressure (i.e, the maerid hardness) is never obtained with solids exhibiting sufficiently high yied
grain. Moreover, the hardness and corresponding representative strain depend on the magnitude of
theyidd drain.

The aforementioned dependency of the dress field and contact parameters on the yield strain
rases questions about the vadidity of established conditutive relations used to predict the indentation
response of a wide range of materias. Thus, the main objective of the present study was to anayze
the deformation behavior of different dadtic-pefectly plasic maerids during indentation loading
and unloading. Condtitutive relaions for dimensonless contact parameters were derived for a hdf-
gpace indented by a rigid sphere in the dadic-plagic deformation regime usng finite dement
gmulation results The boundary between eagic-plagtic and fully plasic deformation regimes,
determined in terms of the mean contact pressure and corresponding interference distance, provides
ussful guiddine for the messurement of the red materid hardness in indentation experiments. In
order to examine the vdidity of common gpproaches in indentation testing, finite dement results for
the unloading behavior are presented in terms of materid properties. Smulation results are used to
obtain an dternative gpproach for measuring the reduced dastic modulus, yied dsrength, and

materia hardness.

2. Theoretical Background

Figure 1 shows a rigid sphere of radius R indenting an dadic-perfectly plagtic hdf-space.

The interference distance, d , and contact radius, r, correspond to a norma load, P. The displacement



of the contact edge neasured from the origind surface, h, is assumed to be podtive if the maerid

deforms as shown in the figure. The mean contact pressure, pm, is defined as

P =, 1)
a

where a is the contact area. For dimensonless andyss, the interference, contact area, and mean
contact pressure are normaized by the radius of the truncated contact area, r(, truncated contact
area, a', and materia yidd drength, Y, respectively. The truncated contact areais given by

a'=pr?=pd(2R-d). 2

For smdl interference, i.e, d/r(<1.78/(E/Y), the indentation response is eagtic, and according to

Hertz theory,
&:ﬂaﬁé and &=2, €)
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where E is the reduced eadtic modulus, given by E:[(l- nf)/E1+(1- ng)/Ez]'l, inwhich E,, E,
and n,, n, awe the eastic moduli and Poisson’s ratios of the two materias, respectively. In the case
of arigid indenter, E, ® ¥ . The dimensonless materid parameter E/Y in Eq. (3) is related to the
yidd drain of the haf-space, Y/E;. However, E; isreplaced by E in order to combine the two dadtic
properties (i.e, E, and n,) into one dadtic parameter, as suggested by Hertz. Experiments (Johnson,
1970) and numerica results (Johnson, 1985) suggest that the reduced eastic modulus, E, adequately
describes the dadtic contribution to deformation in the eadtic-plagtic deformation regime. Mesarovic
and Fleck (1999) observed that the reduced dastic modulus is appropriable for describing the contact
areain the dadtic-plagtic deformation regime.

When the dimendonless interference reaches a criticd vaue, d/r(=1.78/(E/Y), yidding

commences in the hdf-space below the center of the contact region and the corresponding mean



contact pressure is pn/Y = 1.07 (Komvopoulos and Ye, 2001). With increasing interference, the
dadic-plagic indentation response is gradudly dominated by plagic flow. The inception of fully
plastic deformation is encountered when the mean contact pressure first reaches its upper limit, i.e,
the materid hardness, H. Johnson (1970) argued that deformation in eadtic-plagic indentation
depends on the ratio of the representative strain below the indenter, r/R, to the yidd dtrain of the
hdf-space, Y/E. Smilarly to the éagtic Hertz solution, two dadtic properties are combined into one
elagic parameter, E, and the indentation is characterized by a single dimensonless parameter,
Er /YR. However, Mesarovic and Fleck (1999) reported that for a given vaue of Er /YR, different
vdues of E/Y vyidd different results for the contact parameters. Moreover, the dimensonless
parameter Er /YR, suggested by Johnson (1970) to describe the indentation behavior, contains the
unknown radius of the contact area, r. Mesarovic and Fleck (1999) have dso shown that the
boundary between the dadtic-plagtic and the fully plasic deformation regimes cannot be defined by
a dngle dimengonless parameter, as in previous studies (Johnson, 1985; Komvopoulos and Ye,
2001).

The most frequently measured mechanical properties usng load and interference sensing
indentation techniques are the hardness and reduced eastic modulus. In a commonly used method
(Oliver and Pharr, 1992), indentation load versus displacement data are obtained for one complete
load/unload cycle of arbitrary maximum load, Pmax. The materid hardness is then determined as
H=Pnax/a, where a is the contact area corresponding to Pmax. Since a cannot be measured during
loading, methods for edimating the contact area from the indenter shape function have been
proposed (eg., Oliver and Pharr, 1992). In the case of a reatively smdl interference, a spherica
indenter can be approximated as a paraboloid of revolution and, according to the dagtic analyss of

Sneddon (1965) and Oliver and Pharr (1992), the contact depth, h. (Fig. 1), isgiven by



h, =d - 0.75 m
S

where S is the expeaimentdly measured diffness a the inception of unloading. From geometric
congderations, the contact area, a (heredfter referred to as the shape function of the indenter), is
a, =ph,(2R- h). (@
Alternatively, the contact area can be approximated by the resdud impresson area, a, assuming
negligible surface recovery (Thurn et d., 2002).

The andyss of the unloading data is based on the assumption that unloading is fully dadtic
and during the initid withdrawa of the indenter, the contact area remains congtant. For this case,

Hertz theory (Johnson, 1985) can be used to determine the reduced eastic modulus

E :ﬁi (5)

2 Ja'

where ain Eq. (5) isthe contact area corresponding to the arbitrary maximum indentation load, Prax.

3. Finite Element M odeling

A finite dement modd of a rigid sphere indenting a homogeneous hdf-space was used to
determine the mean contact pressure and contact area as functions of interference distancePhe multi-
purpose code ABAQUS was used to peform the finite edement smulations. The following
assumptions were adopted in the finite dement andyss (a) pefectly smooth surfaces, (b)
frictionless contact, () homogenous, isotropic, eadtic-perfectly plagic hdf-space following the b
flow theory, (d) sufficiently smal yidd drain (i.e, less than 10%) in order for yidding to commence
without the occurrence of finite deformatiion (Mesarovic and Heck, 1999), and (€) negligible
adhesion forces at the contact region. An dadic-plagtic congtitutive modd that satisfies the J, plastic

flow theory was used in the finite dement smulations, based on the assumption that the deformeation



gradient can be decomposed into eéadgic and plagtic parts usng a multiplicative decompostion.
According to the von Mises yield criterion, yielding occurs when

f=J,-k*=0,

where k is a materid congtant equd to Y/ 3 , and % is the second invariant of the deviatoric stress

tensor, Sjj, given by

1
J, :ES]'S”"

where §, =s;; - %dijs w» IN whichd;, is the Kronecker delta, and s, is the sum of the three
norma stress components. In terms of the uniaxid yield strength, the yield criterion reducesto

Sen” 82 "SJH =

where s is the von Mises equivdent sress The materid model used to describe plastic
deformation was based on the flow rule

def=d's,

where de; are components of the plastic strain increment, and dl is a function of the flow stress

and the plastic strain rate. The equivaent plagtic strain, e, , is defined as

12
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where the integration in Eq. (6) is carried out over the srain path, W. The usud assumption of
negligible plagic volume change was mantaned. The % flow theory goplies only to yidding
materid for which s ,, =Y. When's , <Y, the usud eadtic congtitutive equations are used.

The rigid contact surface option was used to smulate the rigid indenter. The haf-space was



modded by 12,063 axisymmetric, eght-node, quadratic, isoparametric dements conssing of
34,337 nodes (Fig. 2). Contact between the indenter and the half-space surface was detected by
specid contact elements. The nodes on boundaries y = 0 and x = 0 were condraint agangt
disolacement in the x-and y-direction, respectively. The resolution of the finite dement mesh can be
evduated in tems of the hdf distance between two adjacent nodes divided by the determined
contact radius. The resolution obtained with the mesh shown in Fig. 2 was better than 2.5% for all
material properties and load cases smulated in the present sudy. To account for nonlinearities due
to the materid nonlinear behavior (pladticity), geometric nonlinearities (i.e, large displacements),
and surface contact, an updated Lagrangian formulation was used in the finite dement andyss The
typica computation time for a Smulation on a Pentium 111 550 computer was gpproximately 40,000
CPU seconds.

In order to generdize the numerica solutions and diminate the dependency of the results on
input parameters, the globa contact parameters and materid properties are presented in
dimensonless form, i.e, pn/Y, ala, d/r', and E/Y. The vdidity of this normdization was
evduated comparing finite dement solutions obtained for different vdues of R, d, E, and V,
yidding identicd vaues of d/r' and E/Y. The results for pn/Y and a'/a versus dimensonless
interference, d/r', for a given E/fY vadue were dways the same regardless of the sdection of the
indenter radius, interference distance, and dastic-plastic materid properties.

Figure 3 shows a comparison between reaults for the dimensonless mean contact pressure,
pm/Y, obtaned from the present finite dement mode and the classcd Hertz theory (Eg. (3)) for
EfY = 11 in the dadic deformation regime (i.e, d/r(<1.78/(E/Y)). The results are in good
agreement, with the maximum difference being less than 6.5%. The inception of yidding occurs

when d /r(=1.78/(E/Y) =0.162, and the yield point is located below the center of the contact area,



as predicted by the Hertz theory (Johnson, 1985). Similar small differences between theoretica and
finite dement results were obtained for the dimensonless contact area, a'/a. The largest difference
of 6.5% was found to be due to an overestimation of the analytica contact radius by 3.2%. It should
be mentioned that for this specific materid €Y = 11) the radius of the contact area at the inception
of yidding is equal to 0.22R, which may violate the assumption in the Hertz andyss that the contact
aea is much less than the radius of the indenter. However, even for such rdatively large contact
radius of /R = 0.22, the difference between theoretica and numerica esults is less than 3% and the
Hertz solution is 4ill vdid. The favorable comparison of the numericd and theoreticd results
illugrates the suitability of the finite dement mode and correctness of the assumed boundary

conditions.

4. Results and Discussion

In this section, results corresponding to the deformation behavior during indentation loading
and unloading are presented separatdly in order to facilitate the andysis of the materid response.
Subsequently, an anaytical treatment based on the obtained results is introduced to provide
guiddine for the accurate determinaion of the mechanicd properties from the materid indentation

response.

4.1 L oading Behavior

The dependence of the mean contact pressure, pn/Y, on interference, d/r¢, is shown in Fig.
4 for different materid properties in the range of 11£ E/Y £ 450. The lower limit (E/Y =11) was
chosen in order to sidfy the assumption of aufficently smdl yied dran (section 3), while the
upper limit (E/Y = 450) was sdected due to the close agreement of the results with those of the

gmilarity solution. The maximum dimensonless contact pressure for E/Y = 450 is pn/Y = 2.85,
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which is quite close to that obtained from the smilarity solution (Hill & d., 1989; Biwa and
Storékers, 1995), pn/Y = 3. For materids with E/Y > 450, well into the dadtic-plagtic deformation
regime, the dagic drains can be neglected in favor of the plagtic srains and the materids may be
treated as rigid-perfectly plastic, for which the smilarity solution is a good approximetion.

Figure 4 shows tha yidding commences when pn/Y = 1.07, i.e, d/r(=1.78/(E/Y), as
predicted by the Hertz theory. This is the lower bound of the eadtic-plastic deformation regime. The
upper bound of the dadic-plagtic deformation regime is defined by the inception of fully pladtic
deformation, determined by the interference distance at which the mean contact pressure reaches its
maximum vaue for the firg time (i.e, the maerid hardness). By curve fitting the numerica results

of the maximum contact pressure, the hardness can be expressed in terms of the reduced eadtic

modulus and yield strength as,
i =0.201In gd_E9+ 1.685 , ¥
Y eY g

while the corresponding interference a the inception of fully plastic deformation is given by

|

_ 1
' 1+0.037(E/Y)

(8)

Figure 5 shows a comparison between finite dement results (both individua data and the
curve corresponding to Eq. (7) are plotted in the figure) and results from a previous study (Ye and
Komvopoulos, 2003) for the dimensonless hardness, H/Y, versus materid propeties, E/Y. The
results are in far agreement, and the trend for the hardness to increase with the reduced dastic
modulus-to-yield drength ratio is amilar to that observed by Marsh (1964) from Vickers indentation
tests with various materids. In generd, the materia hardness is a system property that depends on
the indenter geometry, eadic propeties of contacting materids (through the reduced dadtic

modulus), and yidd drength of the indented materid. For the limiting case of a sphericd rigid
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indenter and a rigid-perfectly plagtic haf-gpace, the hardness is given by the smilarity solution and
is equal to 3, i.e, independent of the elastic materiad properties. However, the hardness of materids
with EfY < 270 is much less than 3Y. The deviation from the smilarity solution increases as E/Y
decreases, demondrating a dgnificant effect of eadtic deformation on the indentation behavior of
these materids. For very smdl vadues of E/Y, the indentation response is dominated by the eastic
response and the hardness approaches the maximum contact pressure predicted by the Hertz solution
(pm/Y = 1.07). The results obtained from Eq. (7) are more accurate than those of a previous finite
element andyss (Ye and Komvopoulos, 2003) due to the finer mesh used n the present study and
the larger number of numericd data in the vicinity of the hardness point (Fig. 4) that improved the
accurecy in the determination of the materia hardness. The maximum discrepancy between the
hardness predicted in this sudy and the previous anadlysis (Ye and Komvopoulos, 2003) is 18% and
occursfor E/Y = 11.

Figure 6 shows the boundaries of the eadtic-plagic deformation regime with the fully plagic
(Eg. (8) and dadtic (d/rc=178/(E/Y)) deformaion regimes. The dimensonless interference,
d/r¢, a the inception of fully plasic deformation increases with decressng E/Y, i.e, larger
interference is required to reech fully plagic deformation in the case of materids exhibiting a
dominant eadtic behavior. The range of dimensonless interference corresponding to the eagic and
eadic-plagtic deformation regimes decreases with increesng E/Y. This is because high vaues of
E/Y represent low yied drans, and, thus, the inception of yieding and fully plastic deformation
occurs at relaively smdler interference distances.

Figure 7 shows the dimensonless contact area, a'/a, as a function of dimensonless
interference, d/r', in the dadic-plagic deformaion regime. The dimensonless contact area

gpproaches vaues cose to 1 with the increase of the interference, especidly for higher vaues of
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E/Y, where the materid behavior can be gpproximated as rigid-perfectly plastic and the contact area
is equa to the truncated area. As the ratio E/Y decreases, the contribution of the dastic response to
the deformation behavior becomes dominant and the ratio a'/a approaches vaues close to 2,
corresponding to the dadtic Hertz solution. The results shown in Fig. 7 indicate that the assumption
that in the fully plastic deformation regime the edge of the contact area does not exhibit pile-up or
snk-in (Johnson, 1985), and therefore a'/a =1, isagood gpproximation when E/Y 3 270.

The dmulation results shown in Figs 4 and 7 were used to derive rdations for the
dimensonless mean contact pressure and contact area in terms of dimengonless interference and

materia properties. From curve fitting, the following conditutive relaions were obtained for the
dastic-plastic deformation regime, inwhich 1.78/(E/Y) £d /r'£ [1+0.037(E /Y)] *

0.656 0.651

u
Po_ogao+n@ES @O Y ©)
Y gaYQ er'g A
and

0.394 0.419

U
2 _5103- |n%e§9 20 Q. (10)
a @e g el'g 9]

The maximum differences between the results obtained from Egs. (9) and (10) and the numericd
results shown in Figs. 4 and 7 were found when E/Y = 11 (with average error equa to 5.3% and
6.4%, respectively). The conditutive relation for the contact load, P, can be derived by multiplying
the mean contact pressure (Eg. (9)) by the contact area (Eg. (10)). Hence, the dimensionless contact
load, P/(a'Y), can be expressed as

0.656 0. 651

0. 839+IneaEEO = g
P @e g ér'p g
= (11)
a'Y 0.394 0419u
2.193- In%EEQ oy
Yo el'g f
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Results for the mean contact pressure and contact area obtained from Egs. (9) and (10),
respectively, were found to be in good agreement with finite eements results reported by
Komvopoulos and Ye (2001) for high E/fY vdues. However, large differences (up to 26%) were
obtained with low E/Y vdues. In paticular, the boundary between the edadtic-plagic and fully
plastic deformation regimes reported in the previous sudy (Komvopoulos and Ye, 2001),
d/r'=21/(E/Y), differs significantly from that found in this work (Eq. (8)). Presenting the resuits
for the boundary between the dadtic-plasic and fully plasic deformation regimes in terms of a
sngle dimensonless paameter yidds 7.8£ Ed /YW'E 25.4 for materids with 11£ E/Y £ 450. This
shows that a single dimensonless parameter, Ed/Yr', is not adequate to uniquely determine the
evolution of deformation in the dadic-plasic deformation regime. Therefore, it is essentid to
decompose the previous dimensonless parameter into two dimensonless parameters, d/r' and
E/Y, in order to accuratdly describe the dadtic-plastic response over a wide range of materid
properties. The large differences between the results of the present mode and those of Komvopoulos
and Ye (2001) may be due to the high magnitude of E/Y used in the earlier sudy, as evident from
the high vaue of the mean contact pressure in the fully plagic deformation regime, i.e, pn/Y = 2.9.
Therefore, the conditutive relaion for eadic-plasic deformation of Komvopoulos and Ye (2001)
may be consdered to be a limiting case of the present general solution and adequate for materids
with E/Y 3 379.

Similar to the globa contact parameters, a srong effect of the materid properties was found
for the subsurface parameters, such as shgpe of plagtic zone and magnitude and location of
maximum equivaent plagic srain. Figures 8(@) and 8(b) show plagtic regions below the spherica
indenter a the inception of fully plastic deformation for E/Y = 11 and 450, respectively. For

E/Y = 11, the pladtic region is confined below the contact area, whereas for E/Y = 450, the plagtic
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region extends beyond the contact area to the surface of the haf-gpace. It was found that the plagtic
region gradudly grows outsde the contact edge with the increase of E/Y. This trangtion is in good
agreement with experimental results for mild sed and glass-ceramic specimens presented by
Fischer-Cripps (1997). From Figs. 8(8) and 8(b) it can be observed that in the eadtic-plagtic
deformation regime the contact edge either moves downward (a'/a>1) or remans a the levd of
the origind surface (a'/ a » 1) when E/Y assumesrelatively low or high vaues, repectively.

Figure 9 shows the variaion of the maximum equivdent plagtic dran, ee";ax (Eq. (6)), with
materia properties, E/Y, a the inception of fully plagic deformation. Results for the representetive
strain, Er/YR (Johnson, 1970), are aso plotted for comparison. The incresse of el™ with E/Y

confirms the dominance of plagic flow in materids exhibiting low yidd dran. A pladic dran

plateau egax /(Y /E) » 40 is reached when E/Y > 270. The representative strain has the same trend as

ey , and the value used by Johnson (1985) to determine the inception of fully plastic deformetion,

Er/YR» 40, is a good approximation only for materids with E/Y »160, while it largdy
overestimates the representative strain at the inception of fully plastic deformation when E/Y < 160.

Figure 10 shows the dependence of the radid distance, x/a, of the materid point with the
maximum equivdent plasic dran on materid propetties & the inception of fully pladic

deformetion. For al materids, the initid location of el™ & the inception of yidding is below the

center of the contact area (/r = 0), as predicted by the Hertz theory, and shifts gradualy toward the

location shown in Fig. 10 with the increase of the interference. When the indentation behavior is
dominated by the dastic response (e.g., E/fY = 11), the location of ee”;ax is gpproximatey below the

center of the contact area, Smilar to the location d the equivdent dadic drain in the case of purdy
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elagic deformation (Hertz solution). However, the radid distance of ee";’x increeses with E/Y,

reaching the edge of the contact area (x/r » 1) when E/Y > 160.

Although the present work is mainly focused in the dadic-plagtic indentation response, an
interesting phenomenon worthy of discusson was observed in the fully plastic deformation regime.
As shown in Fig. 4, for intermediate values of E/Y, the mean contact pressure decreases immediately
after reeching a peek vaue, whereas for both low and high vaues of E/Y, it remains dmost congtant
after reaching a maximum, at least for the examined interference range. The decrease of py, after
reaching a peak vaue can be explained by consdering the increase of the contact area due to the
occurrence of pile-up a the contact edge. As shown in Fig. 8(a), plastic deformation in materids
with low E/Y is redricted below the contact area and the free surface moves downward during
indentation loading. However, maerids with high E/Y ae rdativey more rigid and the movement

of the free surface is negligible (Fig. 8(b)).

4.2 Unloading Behavior

The unloading response of the indented hdf-space was andyzed from a maximum
interference distance, d,, corresponding to the inception of fully plastic deformation of each materid
cae (unless otherwise dtated) to an interference distance, d,, corresponding to zero norma load.

The surface recovery, globa contact parameters, and equivaent plastic strain were tracked during
unloading in order to evauate the effect of materia properties on the deformation behavior during

the retraction of the indenter. For most materia cases the resdud vertica displacement of the

center point of the impression after complete unloading, d, , was found to be equa to d, . During the

initid dtage of unloading, the surface of the deformed medium begins to separate from the indenter

a the edge of the contact area With continuing unloading, the separation point moves toward the
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center of the contact area and the last point to separate from the indenter is the center point of the
resdud impresson; thus, d, =d,. While surface sgparation during unloading for EfY = 11
commenced a the contact edge, as with the other materid cases, it was found that d, <d,. Thisis
because the maximum equivdent plasic stran occurs gpproximately below the center of the
impresson, redricting the dadic recovery of this materid point. During unloading, the dadtic
recovery a the center point is exhausted, while other surface points are ill in contact with the
indenter. A zero normd load is obtained a interference distance d, <d, when al the surface nodd
points of the haf-space have separated from the spherical indenter.

The eagic recovery of the indented materid can be characterized by the change of the

displacement &t the center of the contact area, E, , defined as

Epy =L (12)

Ancther parameter to quantify the eadtic recovery is the ratio of the reeased energy during

unloading and the total input energy during loading, E.., defined as

Epe =g (13)

While the dastic recovery can be easly determined from Eq. (12), this is based soldy on the
displacement of the center point of the resduad impresson that may not be representative of the
recovery of the entire surface. However, esimatiion of the dadic recovery usng Eq. (13) is
representative of the globa dadtic recovery, dthough caculaion is somewhat more complex. Figure
11 shows a comparison between numerica results obtained from Egs. (12) and (13) for the range of

materia properties examined in this sudy. The agreement between the results of the two methods is
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farly good. As expected, the dagtic recovery decreases with increesng E/Y because less dadtic
dran energy is dored in materids exhibiting low yied dran. From curve fitting of the numericd
results shown in Fg. 11, the materid eagic recovery can be obtaned from the following semi-

empiricd relaions

.. 0156 .-0.176
Ey 2059859 and E, =0616852
eYg eYg

Finite dement results (not shown here for brevity) confirmed thet, for dl materid cases, the dadtic
recovery incressed when unloading was initiasted from a smdler interference distance, reaching a
vdue of 1 when unloading commenced from inteferences in the dadic deformation regime. An
opposite trend was found when the unloading process was initigied from interference in the fully
plagtic deformation regime.

A few additional observations related to the profound eagtic recovery of materids exhibiting
low E/Y vdues are worthy of discusson. Firg, ee";"“ increesed during unloading of materids with
low E/Y, indicating that unloading was not purdy dadtic. The increase of the plastic stran was
found to occur during the last stage of unloading only for E/Y = 11 and 22. For these material cases,
reloading (after complete unloading) up to the inception of fully plastic deformation produced ee”;ax
higher than that obtained after the firg full unloading. However, despite the occurrence of limited
plagticity during reloading, the globa contact parameters were sSmilar to those obtained during
unloading. Second, it was found that during the initid stage of unloading, the contact area is greater
than that during loading a the same interference, despite the lower contact load during unloading a
a gven inteference. This phenomenon could be dgnificant in contact problems deding with
eectricad and therma conductivity, where establishing a large contact area under a given contact

load is of importance. The present results suggest that this can be accomplished by an overloading of
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the contacting surfaces, followed by a partia unloading to the desred load. Growth of the contact
area during the initid stage of unloading was found to be negligible for materids with E/Y 3 270.
Third, as shown in Fig. 8(a), despite the downward displacement of the free surface during
indentetion loading of materials with low E/Y vaues, an upward movement of the surface (pile-up)
was obtained upon unloading. However, for materids possessng high E/Y, this phenomenon is
negligible (Fig. 8(b)). This can explan the increase of the contact area during the initid Stage of
unloading of indented materids with low E/Y, as discussed previoudy. The aforementioned
behaviors and trends during unloading vanish when d, gpproaches vaues in the dagtic deformation
regime, eveninthe case of E/fY = 11.
4.3 Determination of Mechanical Properties from the Material Indentation
Response

The present finite dement andyss can be extended to examine the conditions under which
the assumptions used in traditiond indentation approaches for measuring the reduced elagtic
modulus and hardness are vdid. The evduation comprises indentation loading up to the inception of
fully plagic deformetion, where the materid hardness should be messured, followed by full
unloading. As discussed in section 2, a mgor assumption in indentation hardness measurement is
that the impresson area after unloading is Smilar to the contact area & maximum indentation load,
i.e, the surface recovery dfter full unloading is negligible. However, as shown in Fg. 8(a), the
elagtic recovery may be dgnificant, paticulaly for materids exhibiting low E/Y vadues. The area of
the resdud impresson, &, is cdculated as the area of a circle with radius equal to the distance
between the center point of the impresson to the highest surface point after complete unloading.
Figure 12 shows the error in contact area, e, (determined from the residua impresson area, g, and

the indenter shape function, as, both corresponding to the inception of fully plastic deformeation)
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versus materid properties, E/Y. The error is greater for smal vaues of E/Y because these materids
exhibit ggnificant Snk-in and pile-up behaviors during loading and unloading, respectively (Fg.
8(a), thus producing a larger difference between the contact areas obtained under maximum
indentation load, a, and after full unloading, &. For E/Y > 50, the relative error is less than 5.7%, and
therefore the impresson area, &, is a good agpproximation of the contact area in the case of these
materids.

Another gpproach is to use the contact area determined from the indenter shape function, as
(EQ. (4)). As discussed in section 2, EQ. (4) is based on the assumption of purely eastic deformation
and smdl surface interference because it includes h, which is obtained from a linear éadic anayss.
However, the interference disance and plastic region a the inception of fully plastic deformation
may be large, depending on the magnitude of E/Y (Figs. 6 and 8(b)). Figure 12 shows that the error
between a and a is less than 5.7% when E/Y < 50 and, therefore, the approximation of the spherical
indenter by a paraboloid of revolution is acceptable, even for a large interference distance. However,
for EfY > 50, the accuracy of EQ. (4) decreases, probably due to extension of the plastic region
beyond the contact edge to the free surface of the haf-space (e.g., Fig. 8(b)).

Figure 13 shows the error between caculated and actua reduced dastic modulus, eg, versus
materia properties, E/Y. The reduced eastic modulus is caculated from Eq. (5), usng the contact
aea a the inception of unloading, a, the area of the resdud impresson, &, and the contact area
obtained from the shgpe function of the sphericd indenter, a (Eq. (4)), dl corresponding to the
incgption of fully plagic deformetion. According to finite dement results (not shown here), during
the initid withdrawa of the indenter the contact area remains dmost condant, especidly for low
E/Y vdues due to the trangtion from snk-in to pile-up of the surface (Fig. 8(a)). However, this

effect becomes less pronounced with increasng E/Y due to the decrease of the dagtic recovery (Fig.
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11) and the more rigid-like behavior inhibiting pile-up formation at the contact edge (Fig. 8(b)).
Therefore, the basc assumption behind Eq. (5) is sisfied, at leest for smdl vaues of E/Y, and the
reduced e astic modulus can be determined with good accurecy.

When using the contact area, a, the accuracy of Eq. (5) increases with decreasing E/Y, i.e,

materid response is dominated by the dagtic response. The accuracy for EfY < 22, is dightly
reduced, presumably due to plastic deformation during unloading, as shown by the increase of ee”;a“.

As explained previoudy, br high vaues of E/Y, the contact area does not remain condant during the
initid stage of unloading, and, hence, the accuracy of Eq. (5) decreases. Regarding the error in EQ.
(5) when usng the impresson aea, &, to determine the reduced dastic modulus, the error is
relatively larger than that of the other two agpproaches, especidly for materids with low E/Y.
Significantly lower error is produced with the shape function, as. The reduced dastic modulus can be
predicted from Egs. (4) and (5) with accuracy better than 6.3% when the unloading is initiated from
a maximum load in the dadic or dadic-plastic deformation regimes. However, unloading from
interference disances well within the fully plagic deformation regime increases the error for al
maeridsintherangeof 11£ E/Y £ 450 due to extensive plagtic deformation.

As discussed earlier, goplying an abitrary maximum indentation load for measuring the
materid hardness may yield a mean contact pressure less than the actud hardness. This problem may
be encountered in the case of light indentation loads, as in hardness measurement of very thin films
where very shdlow impressons must be produced to avoid the subdrate effect on the hardness
measurement (Ye and Komvopoulos, 2003). However, as shown in Fig. 4, if the dimensionless
interference is less than the vaue corresponding to the inception of fully plastic deformation (Eq.
(8)), the mean contact pressure is less than the materid hardness. Alternatively, applying a

dimensonless interference greater than the critical vaue given by Eq. (8) may yidd a mean contact

21



pressure in the fully plagic deformation regime that might be much less than the maerid hardness,
epecidly for intermediate vaues of E/Y.

The dimensonless interference corresponding to the red materid hardness is given by Eq.
(8) and the corresponding indentation load can be caculated from Eq. (11). However, in order to use
Egs. (8) and (11), it is necessary to measure first the reduced dastic modulus and yield srength. As
explained earlier, Eq. (5) yieds farly accurate estimates of the reduced eastic modulus over a wide
range of E/Y. However, it is preferred to cdculate the reduced dastic modulus from the eadtic
indentation response using the Hertz solution for a single load path,

3 P
_Z RYVZg32 "

(14)
Equation (14) may aso be used to find the indenter radius if the materid dadtic properties are
known a priori. Then, the hardness may be determined from an iteraive procedure involving an
initid assumption for the vaue of Y, cdculation of the dimensonless interference, d/r', a the
inception of the fully plagic deformation regime (Eg. (8)), and estimation of the corresponding
dimensonless contact load, P/a'Y (Eg. (11)). Next, the new vaue of the interference digance is
measured experimentally based on the edtimated contact load, and the new vaue of Y is caculaed
from Eq. (8) (or Fig. 6). This procedure can be repeated until a convergence to a specific tolerance is
reached. Findly, the materid hardness can be determined by subgtituting the obtained vaues of the

reduced eastic modulus and yidd strength in Eq. (7) or from using Fg. 5.

5. Conclusions

A finite dement contact andyss of a rigid spherica indenter and an eagtic-perfectly plastic
haf-space that is based on conditutive laws for the relevant deformation regime was performed in
order to eucidate the effect of materia properties on the indentation response during loading and

unloading. The vdidity of the axisymmeric finite dement modd was verified by favorable
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comparisons with the Hertz solution. Smple andytical expressions that extend the classcd Hertz
solution up to the fully plastic deformation regime were derived for a wide range of meterid
properties. General solutions that are independent of specific materid properties and radius of the
spherical indenter were obtained based on a normdization scheme. In view of the presented results
and discussion, the fallowing main conclusions can be drawn.

(1) The boundaries between dadtic, dadtic-plagic, and fully plagic deformation regimes were
determined in terms of dimensonless interference, mean contact pressure, and materia properties.
The boundary between dadtic-plagic and fully plagtic deformation regimes is of particular interest
because it provides a means of extracting the materia hardness. It was shown tha the hardness is
less than the traditiondly quoted value of three times the yield strength. Equeations for the hardness
and corresponding dimensionless interference were obtained in terms of materid properties and
truncated contact radius.

(2) The shgpe of the plagtic region and the magnitude and location of the maximum equivaent
plagtic gran, ee”;ax, srongly depend on the reduced dagtic modulus-to-yield strength ratio, E/Y. For
high E/Y vdues, the plagtic region extends beyond the contact edge to the free surface of the haf-

space and ee“;a“ occurs at the contact edge. For smal E/Y vaues, the plagtic region is confined below
the contact area and ee”;a‘ aises beow the center of contact near the axis of symmetry. At the

inception of fully plagtic deformation, a congtant vaue of ee”;ax equa to ~40(Y/E) is reached for

materids with E/Y > 270. The vaue of the representative strain, Er /YR » 40, suggested by Johnson
(1985) for the inception of fully plagtic deformation is a good gpproximation only for materids with

E/Y »160; however, it largey overetimates the actud vaue of the representative drain a the

inception of fully plastic deformation when E/Y < 160.
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(3) The unloading response of a sphericad indenter was andyzed in order to examine the vdidity of
basic assumptions invoked in traditiona indentation gpproaches for measuring the hardness and
reduced eagtic modulus. Significant eagtic recovery was found for materias possessng low E/Y.
Good correlation was observed between the dagtic recovery predicted based on the vertica
displacement a the center of the contact area and the ratio of the eastic energy released upon
unloading to the tota energy stored in the materid under maximum indentation load. The effect of
the eadic recovery on subsurface pladticity, contact area, and trangtion from surface sink-in
(loading) to pile-up (unloading) was explaned in the context of results for different materid
properties.

(4) The accurecy of approximate methods for calculating the contact area and reduced eladiic
modulus was examined, and the conditions under which these methods yidd accurate predictions
were determined. The common approach used to extract the reduced eastic modulus from
indentation experiments yield accurate results. However, because of inherent limitations an
dternative approach for determining the mechanica properties from indentation messurements was
introduced together with an iterative procedure to obtain the yield strength and hardness in terms of
the measured reduced elastic moduus.
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