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Devwudfw

Wklv uhsruw suhvhqwv d qrq0judglhqw edvhg rswlpl}dwlrq phwkrg/ qdphg pxowlremhfwlyh jhqhwlf

dojrulwkp +PRJD,/ iru wkh sdudphwhu rswlpl}dwlrq ri �{hg0vwuxfwxuh frqwuroohuv lq kdug glvn gulyhv

+KGGv,1 Wkh vwuxfwxuh ri wudfn iroorzlqj frqwuroohu lv �{hg wr dgguhvv frvwv dqg lpsohphqwdwlrq

lvvxhv lq frpphufldo KGGv1 Rq wkh grzq vlgh/ wkh udqn frqvwudlqw ghvwur|v wkh frqyh{lw| ri

vhdufk vsdfh1 Lq dgglwlrq wr pxowlsoh ghvljq remhfwlyhv dqg frqvwudlqwv/ lw pdnhv wkh wxqlqj ri

frqwuroohu sdudphwhuv d gl�fxow qrq0frqyh{ pxowlremhfwlyh rswlpl}dwlrq sureohp +QFPRS,/ iru

zklfk judglhqw edvhg phwkrgv duh olnho| wr eh wudsshg lq wkh orfdo rswlpd1 Jhqhwlf dojrulwkpv

+JDv, duh vwrfkdvwlf uxoh edvhg joredo vhdufk phwkrg/ vlpxodwlqj wkh qdwxuh hyroxwlrq surfhvv1

JDv fduu| rxw wkh sdudooho vhdufk e| pdlqwdlqlqj d srsxodwlrq ri fdqglgdwh vroxwlrqv dqg xsgdwlqj

wkhp wkurxjk jhqhwlf rshudwruv1 PRJD lv d JD hpehgghg zlwk wkh frqfhsw ri Sduhwr rswlpdolw|

dqg fdsdeoh ri vroylqj odujh0vfdoh QFPRS h�flhqwo| dqg uholdeo|1 D ghvljq h{dpsoh ri wxqlqj d

wudfn iroorzlqj frqwuroohu lv xvhg wr ghprqvwudwh wkh h�hfwlyhqhvv ri wkh sursrvhg phwkrg1
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Jlyhq frvw0olplwhg kdugzduh dqg frpsxwlqj uhvrxufhv/ ghvljqlqj d srvlwlrqlqj v|vwhp iru pdvv0

surgxfhg kdug glvn gulyhv +KGGv, lv d fkdoohqjlqj zrun1 Wkh frqwuroohu qhhgv wr dfklhyh dffhsw0

deoh shuirupdqfh lq wkh suhvhqfh ri h{whuqdo glvwxuedqfhv dqg phdvxuhphqw qrlvhv1 Ixuwkhupruh/

wkh sodqw sdudphwhuv ydu| iurp gulyh wr gulyh gxh wr pdqxidfwxulqj wrohudqfhv dqg dovr fkdqjh

zlwk wlph dqg whpshudwxuh1 Wkh frqwuroohu wkhuhiruh qhhgv wr surylgh vx�flhqw urexvwqhvv djdlqvw

wkhvh yduldwlrqv1 Rq wkh rwkhu kdqg/ wkh xvdjh ri hfrqrplfdo gljlwdo vljqdo surfhvvru lq vhuyr

v|vwhp uhtxluhv d orz rughu ghvljq ri frqwuroohu1 Wklv lv d w|slfdo rswlpl}dwlrq sureohp zlwk pxo0

wlsoh qrq0frpphqvxudeoh remhfwlyhv dqg frqvwudlqwv1 Uhfhqwo|/ olqhdu pdwul{ lqhtxdolwlhv+OPLv,

dqg elolqhdu pdwul{ lqhtxdolw| +EPLv, kdyh uhfhlyhg d juhdw ghdo ri dwwhqwlrq lq sdudphwhul}lqj

pxowl0remhfwlyh rswlpl}dwlrq sureohpv +PRSv, ^4` ^5`/ dowkrxjk jhqhudo ghvljq phwkrg jxdudqwhh0

lqj wkh joredo rswlpl}dwlrq kdv qrw ehhq rewdlqhg1 OPLv ru EPLv surylgh d xqli|lqj iudphzrun wr

vhwxs pxowlsoh txdgudwlf shuirupdqfh lqhtxdolwlhv/ zklfk duh wkhq h�flhqwo| vroyhg e| frqyh{ rswl0

pl}dwlrq dssurdfkhv/ h1j1 vhpl0gh�qlwh surjudpplqj +VGS,1 Lw kdv ehhq vkrzq wkdw d qxpehu ri

pxowl0remhfwlyh sureohpv/ lqfoxglqj wkh srsxodu K" frqwuro v|qwkhvlv sureohp dqg pl{hg K2@K"

rswlpdo frqwuro sureohp/ fdq eh sdudphwhul}hg dv OPLv ru EPLv ^6`1 Krzhyhu/ iru wkh sudfwlfdo

frqwuro ri v|vwhpv olnh KGG/ lw lv udwkhu gl�fxow wr �w wkh sureohp lqwr d vroydeoh frqyh{ irup

ehfdxvh ri qxphurxv ghvljq vshfl�fdwlrqv dqg frqvwudlqwv1 Ixuwkhupruh/ dq rswlpdo vroxwlrq iurp

wkh iuhh0rughu v|qwkhvlv lv d kljk rughu frqwuroohu/ zklfk lv qrw lpsohphqwdeoh lq KGG hyhq zlwk

rughu uhgxfwlrq whfkqltxhv1 Lq idfw/ lw lv pruh h�flhqw wr vwduw zlwk d frqwuroohu vwuxfwxuh wkdw kdv

jrrg qrplqdo surshuwlhv/ dqg rswlpl}h wkh sdudphwhuv zlwklq wkdw vwuxfwxuh1 Il{lqj wkh vwuxfwxuh

ri frqwuroohu plqlpl}hv wkh frglqj gl�fxowlhv lqyroyhg lq ghvljq lwhudwlrqv dqg hqkdqfhv wkh frq0

wuroodelolw| ri ryhudoo �upzduh1 Rq wkh rwkhu kdqg/ vlqfh lw dovr lqhylwdeo| orvhv wkh frqyh{lw| ri wkh

vhdufk vsdfh/ judglhqw0edvhg phwkrgv ^7` zloo kdyh qr jxdudqwhh ri joredo frqyhujhqfh iru vxfk d

qrqfrqyh{ pxowlremhfwlyh rswlpl}dwlrq sureohp +QFPRS, dqg uhtxluh orwv ri dx{loldu| frqglwlrqv

iru sdudphwhul}lqj QFPRS/ li srvvleoh1

Wklv uhsruw sursrvhv d qrq0judglhqw edvhg vroxwlrq wr wkh ghvljq sureohp deryh e| xvlqj d

pxowl0remhfwlyh jhqhwlf dojrulwkp +PRJD,/ zklfk lv wkh frpelqdwlrqv ri jhqhwlf dojrulwkpv +JDv,

dqg Sduhwr rswlpl}dwlrq1 JDv duh qrq0judglhqw edvhg rswlpl}dwlrq phwkrgv wkdw lplwdwh wkh

vwrfkdvwlf phfkdqlvpv ri qdwxudo vhohfwlrq dqg jhqhwlf yduldwlrq1 Sduhwr rswlpdolw|/ zklfk gh�qhv

wkh rswlpd edvhg rq yhfwruldo shuirupdqfh/ dyrlgv wkh kdvvoh ri xvlqj zhljkwv ehiruh rswlpl}dwlrq

dqg surylghv ghflvlrq pdnhu zlwk pxowlsoh _wudgh0r�% rswlpdo vroxwlrqv zklfk uhyhdo wkh fkdudfwhu0

lvwlfv ri vroxwlrq vxuidfh ehiruh d �qdo vroxwlrq lv fkrvhq1 Ilqdoo|/ wkh h�hfwlyhqhvv ri wkh sursrvhg

phwkrg lv vkrzq e| dq h{dpsoh ri wxqlqj d wudfn iroorzlqj frqwuroohu iru KGG1

Wklv uhsruw lv rujdql}hg dv iroorzlqj1 Vhfwlrq 5 vkrzv wzr zd|v ri vhwwlqj xs rswlpl}dwlrq
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sureohp iru wkh �{hg0vwuxfwxuh wudfn iroorzlqj frqwuroohu/ dorqj zlwk d eulhi uhylhz ri gl�huhqw

rswlpl}dwlrq phwkrgv1 Vhfwlrq 6 glvfxvvhv d jhqhudo JD lq ghwdlov dqg Vhfwlrq 6 h{whqgv lw wr

PRJD1 Vhfwlrq 7 vkrzv d ghvljq h{dpsoh ri wxqlqj d wudfn iroorzlqj frqwuroohu1 D vxppdu| lv

jlyhq lq 8141

� �	����� ��	�����
��

Wklv uhsruw irfxvhv rq wkh wxqlqj ri �{hg0vwuxfwxuh wudfn iroorzlqj frqwuroohu1 Iljxuh 4 vkrzv

d glvfuhwh wlph prgho ri KGG vhuyr v|vwhp lq wkh wudfn iroorzlqj prgh1 S
�
}3�

�
lv wkh ]RK

htxlydohqfh ri frqwlqxrxv wlph sodqw g|qdplfv/ lqfoxglqj srzhu dpsol�hu +SD,/ yrlfh frlo prwru

+YFP,/ dqg khdg0glvn dvvhpeo| +KGD,1 Iru frqyhqlhqfh/ glvwxuedqfhv dqg qrlvhv duh oxpshg

lqwr wkuhh vrxufhv ghshqglqj rq wkhlu lqmhfwlqj srlqwv lq wkh orrs= wrutxh glvwxuedqfh g|/ srvlwlrq

glvwxuedqfh gR> dqg phdvxuhphqw qrlvh q61 F+}3�>N, uhsuhvhqwv wkh �{hg0vwuxfwxuh orz0rughu

gljlwdo frqwuroohu zlwk p wxqdeoh sdudphwhuv N@ in�> ===> n6j 5 
g � U6 zkhuh 
g lv wkh qrq0

frqyh{ vhdufk vsdfh zlwk erxqgdulhv gh�qhg e| ghvljqhu1 Wkh iroorzlqj qrwdwlrq dqg whuplqrorj|

duh xvhg

V
�
}3�>N

�
+@ �

�n� E53���E53�cg�
> vhqvlwlylw| ixqfwlrq>

W
�
}3�>N

�
@

�+53�,�+53�cg,
�n� E53���E53�cg�

> frpsohphqwdu| vhqvlwlylw| ixqfwlrq1

Wkhuh duh wzr iudphzrunv wkdw fdq eh xvhg wr vhw xs wkh rswlpl}dwlrq sureohp1 Qr pdwwhu zklfk

iudphzrun uhdghuv fkrrvh wr xvh/ wkhuh duh rqh ixqgdphqwdo lvvxh wkh| kdyh wr dgguhvv= krz vkrxog

wkh joredo rswlpxp eh dfklhyhg h�flhqwo| dqg uholdeo| zlwk vr pdq| remhfwlyhv dqg frqvwudlqwv1

��� �����
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Wkh fodvvlfdo iuhtxhqf| grpdlq orrs0vkdslqj whfkqltxhv kdyh ehhq vxffhvvixoo| xvhg e| vhuyr hqjl0

qhhuv iru ghfdghv/ wr wkh dqdo|vlv dqg ghvljq ri KGG vhuyr v|vwhpv1 Vhwwlqj xs wkh rswlpl}dwlrq

sureohp lq wklv iudphzrun pdnhv lw uhdg| iru hqjlqhhuv wr dgrsw sursrvhg phwkrg lqwr wkhlu sudf0

wlfdo dssolfdwlrqv1 Lq wudfn iroorzlqj prgh/ wkh pdmru ghvljq remhfwlyh lv wr plqlpl}h wkh wuxh

wudfnlqj huuru SH|/ zklfk lv/ krzhyhu/ lpphdvxudeoh1 Wkh srvlwlrq huuru vljqdo +SHV, ehlqj phd0

vxuhg lv wkh wuxh srvlwlrq huuru SH| frqwdplqdwhg e| wkh phdvxuhphqw qrlvh q61 Iruwxqdwho|/

q6 lv vkrzq wr eh zklwh ^8` wkxv plqlpl}lqj wkh hqhuj| ri SHV lv htxlydohqw wr plqlpl}lqj wkh

hqhuj| ri SH|1 W|slfdo wlph grpdlq vshfl�fdwlrqv rq wkh SHV duh mSHV+w,m 9 45( wudfnzlgwk

dqg 6�+SHV, 9 8( wudfnzlgwk1 Wkh ghvljq dovr qhhgv wr vdwlvi| vrph plqlpxp uhodwlyh vwdelolw|

pdujlqv1 Lq wklv uhsruw/ doo frqvwudlqwv duh uhodwhg wr wkh iuhtxhqf| grpdlq uhtxluhphqwv/ vxfk dv

wkh plqlpxp skdvh pdujlq SP�U� zklfk lv d gluhfw vdihjxdug djdlqvw wlph ghod| xqfhuwdlqw|/ wkh

plqlpxp jdlq pdujlq JP�U� zklfk lv d gluhfw vdihjxdug djdlqvw vwhdg|0vwdwh jdlq xqfhuwdlqw|/

wkh plqlpxp furvvryhu iuhtxhqf| $J�U� / dqg wkh pd{lpxp shdn ri vhqvlwlylw| ixqfwlrq V"��f 1
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Iljxuh 4= D w|slfdo eorfngldjudp ri wudfn iroorzlqj frqwuro

Wklv lv d frqvwudlqhg QFPRS1 D ghvljq h{dpsoh lv jlyhq lq Vhfwlrq 8
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Ghvljqlqj frqwuroohu iru wudfn iroorzlqj lv pxowl0remhfwlyh rxwsxw0ihhgedfn frqwuro sureohp lqyroylqj

qrlvh uhmhfwlrq +K2, dqg orrs0vkdslqj +K",1 Vlqfh doo glvwxuedqfh/ lqfoxglqj g|/ qrquhshdwdeoh sduw

ri gR/ dqg q6/ fdq eh prghohg dv zklwh qrlvhv ^9`/ wkh wlph grpdlq uhjxodwlrq ghvljq +plqlpl}lqj

SHV, fdq eh irupxodwhg dv K2 frqwuro sureohp1 Ixuwkhupruh/ Vnrjhvwdg hw do1 ^:` vkrz wkh jdlq

pdujlq dqg skdvh pdujlq duh forvho| uhodwhg wr wkh shdn ydoxhv ri mV+m$,m dqg mW +m$,m1 Wkxv zh

fdq xvh nVn
"

dqg nWn
"

lqvwhdg ri SP dqg JP dv vwdelolw| frqvwudlqwv1 Vr doo shuirupdqfh

uhtxluhphqwv lq iuhtxhqf| grpdlq fdq eh irupxodwhg dv K" orrs vkdslqj sureohp1 Li zh gurs r�

wkh qrq0frqyh{ udqn frqvwudlqw gxh wr �{lqj wkh vwuxfwxuh +dqg wkxv rughu, ri frqwuroohu/ wkh ryhudoo

sureohp ehfrphv d ixoo0rughu K2@K" frqwuro v|qwkhvlv sureohp dqg fdq eh sdudphwhul}hg lq wkh

irup ri OPLv ^;` zklfk duh vroydeoh e| zlgho| dydlodeoh frqyh{ vroyhuv olnh VGS1 Zkhq wkh udqn

frqvwudlqw lv dssolhg/ lw lv d �{hg0rughu +ru pruh jhqhudoo|/ uhgxfhg0rughu, frqwuro v|qwkhvlv sureohp

wkdw lv qrqfrqyh{ dqg kdug wr vroyh1 Rq rqh vlgh/ rqh fdq dsso| olqhdul}dwlrq ru dssur{lpdwlrq

dojrulwkpv wr pdnh lw vroydeoh e| frqyh{ vroyhuv ^<` ^43`/ exw vwloo wkhuh lv qr jxdudqwhh ri �qglqj d

joredoo| rswlpdo vroxwlrq1 Dovr/ wkh h{dfwqhvv ri wkh OPL irupxodwlrq lv dw wkh frvw ri lqwurgxflqj d

odujh qxpehu ri dx{loldu| yduldeohv zklfk surgxfhv dq rughu ri pdjqlwxgh lqfuhdvh lq vhdufk vsdfh1

Wklv fdq eh d sureohp iru QFPRSv zlwk d odujh qxpehu ri wxqdeoh yduldeohv1 Rq wkh rwkhu vlgh/

dv vxjjhvwhg lq wklv uhsruw/ rqh fdq gluhfwo| dsso| qrq0judglhqw edvhg rswlpl}dwlrq phwkrgv/ h1j1/

^44` vkrzv d jhqhwlf phwkrg wr vroyh OPLv1

��� ���	�
�� �� ���
�
���
�� ��� �
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Dprqj qxphurxv vhdufk dqg rswlpl}dwlrq whfkqltxhv wkdw duh srwhqwldoo| fdsdeoh ri vroylqj qrq0

frqyh{ sureohpv/ judglhqw0edvhg/ hqxphudwlyh/ dqg vwrfkdvwlf whfkqltxhv duh prvwo| xvhg1

Judglhqw0edvhg whfkqltxhv xvh lqirupdwlrq derxw wkh vorsh ri wdujhw ixqfwlrq wr glfwdwh d gl0

uhfwlrq ri vhdufk zkhuh wkh rswlpxp lv wkrxjkw wr eh olh1 Wkh| fdq eh fodvvl�hg lqwr wzr jurxsv=

lqgluhfw dqg gluhfw ^45`1 Lqgluhfw phwkrgv vhdufk orfdo h{wuhph e| vroylqj d vhw ri xvxdoo| qrqolqhdu
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htxdwlrqv zklfk uhvxow iurp vhwwlqj wkh judglhqw ri wkh remhfwlyh ixqfwlrqv htxdo wr }hur1 Rq wkh

rwkhu kdqg/ gluhfw phwkrgv vhhn orfdo rswlpd e| mxpslqj rq wkh k|shu0vxuidfh ri wdujhw ixqfwlrq

dqg prylqj lq d gluhfwlrq uhodwhg wr wkh orfdo judglhqw1 Erwk fodvvhv duh orfdo phwkrgv iru wkh|

vhhn wkh rswlpd rqo| lq d qhljkerukrrg ri wkh fxuuhqw srlqw1 Jhqhudo vshdnlqj/ judglhqw0edvhg

phwkrgv duh pruh h�flhqw wkdq rwkhu phwkrgv lq d orfdo frqyh{ udqjh1 Krzhyhu/ wkh| uhtxluh wkh

frqwlqxlw| dqg ghulydwlyh h{lvwhqfh ri wdujhw ixqfwlrq dqg wkxv fdq qrw surylgh vx�flhqw urexvwqhvv

wr �qg wkh joredo rswlpxp iru qrq0frqyh{ rswlpl}dwlrq sureohpv1

Wkh lghd ehklqg hqxphudwlyh vfkhphv lv suhww| vlpsoh> zlwklq d �qlwh vhdufk vsdfh/ ru d glv0

fuhwl}hg lq�qlwh vhdufk vsdfh/ wkh vhdufk dojrulwkp hydoxdwhv remhfwlyh ixqfwlrq ydoxhv dw hyhu|

srlqw lq wkh vsdfh/ rqh dw d wlph1 Wklv vfkhph fdq duulyh dw uhdvrqdeo| jrrg vroxwlrqv iru vhdufk

vsdfhv ri vpdoo vl}hv1 Exw zkhq frqiurqwhg zlwk vhdufk vsdfhv ri hqruprxv vl}h dqg zlgh yduldwlrq

iurp srlqw wr srlqw lq wkhlu suhflqfw/ vxfk vfkhphv pxvw xowlpdwho| eh glvfrxqwhg lq wkh urexvwqhvv

udfh iru rqh vlpsoh uhdvrq= odfn ri h�flhqf|1 Hyhq wkh kljko| wrxwhg hqxphudwlyh vfkhph g|qdplf

surjudpplqj pd| ehfrph h{kdxvwhg rq sureohpv ri prghudwh vl}h dqg frpsoh{lw|/ vx�hulqj iurp

_wkh fxuvh ri glphqvlrqdolw|% ^46`1

Vwrfkdvwlf rswlpl}dwlrq dojrulwkpv kdyh ehhq uhfrjql}hg wr eh deoh wr ryhufrph wkh vkruwfrp0

lqjv ri judglhqw0edvhg dqg hqxphudwlyh vfkhphv1 Wkh frpprq ihdwxuh ri wkhvh phwkrgv lv wkdw

wkh| rqo| qhhg hydoxdwlrqv ri wkh remhfwlyh ixqfwlrq/ qrw uhtxlulqj lwv judglhqw ru Khvvldq1 Vr

wkh| duh prvw vxlwdeoh iru sureohpv wkdw duh yhu| qrqolqhdu ru kdyh d qxpehu ri glvfrqwlqxlwlhv1

Udqgrp zdonv lv wkh vlpsohvw yhuvlrq ri vwrfkdvwlf rswlpl}dwlrq dojrulwkpv1 Dowkrxjk lw lv fdsdeoh

ri vhdufklqj iru wkh joredo rswlpd/ lw lv vwloo odfn ri h�flhqf| dqg h{shfwhg wr gr qr ehwwhu wkdq

hqxphudwlyh vfkhphv1 Vrph pruh dgydqfhg udqgrp phwkrgv olnh Jhqhwlf dojrulwkpv +JDv, dqg

vlpxodwhg dqqhdolqj fduu| rxw lqlwldo vhdufk udqgrpo|/ exw wkh lqirupdwlrq jdlqhg iurp wkh vhdufk

lv xwlol}hg lq jxlglqj wkh qh{w vhdufk1

� "���	�� "����
� #�$�	
� ��

JDv duh elrorjlfdoo| lqvsluhg joredo vhdufklqj phwkrgv/ ghvfulehg lq rqh vhqwhqfh dv _dq lqglylgxdo

zlwk juhdwhu ylwdolw| kdv d ehwwhu fkdqfh wr vxuylyh lq wklv kljko| frpshwlwlyh zruog1% Vlqfh wkh

lqlwldo lghd lv eurxjkw rxw e| Kroodqg ^47` lq 4<:8/ JDv kdyh dwwudfwhg d juhdw lqwhuhvwv dqg txlfno|

ehfrph d �djvkls dprqj pdfklqh ohduqlqj dqg ixqfwlrq rswlpl}dwlrq1 Lw lv eh|rqg wkh vfrsh ri

wklv sdshu wr uhylhz wkh ydvw olwhudwxuh dvvrfldwhg zlwk JDv/ lqvwhdg/ wklv vhfwlrq dgguhvvhv wkh

edvlf lghdv ri JDv1 Wkh lqwhuhvwhg uhdghu pljkw frqvxow Jrogehuj ^45` dqg Plfkdohzlf} ^48`1

JDv ryhufrph wkh diruhphqwlrqhg olplwdwlrqv ri frqyhqwlrqdo vhdufklqj dojrulwkpv wkurxjk

iroorzlqj dvshfwv ^48` ^49`1

� JDv xvh suredelolvwlf wudqvlwlrq uxohv wr jxlgh wkhlu vhdufk/ exw qrw ghwhuplqlvwlf uxohv1
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6 Mutation [0100010101] 

[0100011101]
Flip state with a 
low probability

1 New Generation
K1={k1

1,…,kn
1};  … …  ;Km ={k1

m,…,kn
m}

m individuals (candidate solutions)

2 Calculate Fitness 
max Fit(Ki) ⇔ min J(Ki) i=1,…,m

J is the performance cost function

7 Decoding
[0100010101] Ki

3 Coding e.g., Binary coding

[0100010101]Ki

4 Selection
m parents by roulette wheel                       
with slots sized according to fitness

5 Crossover Parent 1 [0100010111]
Parent 2 [0111000010]

Child 1 [0100100010]
Child 2 [0111000111]

A crossover position is selected uniformly at random

Iljxuh 5= Wkh �rzfkduw ri d vlpsoh jhqhwlf dojrulwkp iru sdudphwhu rswlpl}dwlrq1 Lw lv hdvlhu wr

h{hpsoli| wkh jhqhwlf rshudwruv e| xvlqj wkh elqdu| frglqj1

� JDv xvh remhfwlyh ixqfwlrq lqirupdwlrq/ exw qrw ghulydwlyh ru rwkhu dx{loldu| gdwd1

� JDv pdlqwdlq d srsxodwlrq ri srwhqwldo vroxwlrqv wr vhdufk lq d sdudooho pdqqhu/ zkloh doo

rwkhu phwkrgv surfhvv d vlqjoh srlqw ri wkh vhdufk vsdfh1 Wklv lv uhihuuhg wr dv _Lpsolflw

Sdudooholvp%1

Wkh edvlf exloglqj eorfnv ri JDv duh vkrzq lq Iljxuh 51 JDv vwduw zlwk d srsxodwlrq ri

udqgrpo| jhqhudwhg vroxwlrqv1 Hdfk vroxwlrq lq wklv yhu| �uvw jhqhudwlrq zloo eh hydoxdwhg wkurxjk

frvw ixqfwlrqv wkdw duh gh�qhg dffruglqj wr ghvljq remhfwlyhv1 Gxulqj wkh hydoxdwlrq/ zh gh�qh d

�wqhvv ixqfwlrq dqg hydoxdwh wkh �wqhvv iru hdfk fdqglgdwh vroxwlrq1 Wkh �wqhvv lv dvvljqhg lq d

zd| wkdw pd{lpl}lqj wkh �wqhvv lv htxlydohqw wr plqlpl}lqj wkh frvw ixqfwlrq1 Wkhq wkh srsxodwlrq

lv surfhvvhg dqg hydoxdwhg wkurxjk ydulrxv rshudwruv wr jhqhudwh d qhz srsxodwlrq1 Wkh edvlf

rshudwruv ri JDv duh vhohfwlrq/ furvvryhu/ dqg pxwdwlrq/ dv vkrzq lq vwhs 7/ 8/ dqg 9 ri Iljxuh 5

uhvshfwlyho|1 Wklv surfhvv lv uhshdwhg xqwlo d joredo rswlpdo srlqw lv uhdfkhg1 Wkh iroorzlqj vhfwlrqv

h{dplqh wklv surfhvv lq ghwdlov1

��� ��

�$% �	�� &
��	' �� (���

JDv zrun zlwk d frglqj ri sdudphwhuv/ exw qrw sdudphwhuv wkhpvhoyhv1 Wkh pdlq sxusrvh ri

frglqj lv wr pdnh lw srvvleoh wr lplwdwh wkh qdwxudo hyroxwlrq surfhvv lq sdudphwhuv vsdfh1 Wkh

wudglwlrqdo zd| wr looxvwudwh JDv lv wr xvh elqdu| frglqj +EF, 1 Dv vkrzq lq Iljxuh 50+6,/ hdfk

sdudphwhu lv hqfrghg lqwr d vwulqj ri elwv1 Wkh lqglylgxdo elw lv fdoohg d jhqh1 Wkh frqwhqw ri hdfk

9



jhqh lv fdoohg dq doohoh1 Wkh zkroh vwulqj ri vxfk jhqhv iru doo sdudphwhuv lq d zulwwhq vhtxhqfh lv

fdoohg d fkurprvrph1 Wkh fkrlfh ri fkurprvrph ohqjwk ghshqgv rq wkh dffxudf| uhtxluhphqwv ri

wkh wdujhwlqj rswlpl}dwlrq sureohp1 JDv pdlqwdlq d srsxodwlrq ri fkurprvrphv ru lqglylgxdov lq

hyhu| jhqhudwlrq/ txlwh riwhq wkhvh lqglylgxdov duh dovr fdoohg fdqglgdwh vroxwlrqv1 Wkh qxpehu ri

fkurprvrphv lq d srsxodwlrq lv fdoohg wkh srsxodwlrq vl}h/ ghqrwhg dv qRJR1 Wkhvh fkurprvrphv

zloo hyroyh iurp jhqhudwlrq wr jhqhudwlrq wkurxjk vrph jhqhwlf rshudwruv1

Krzhyhu/ Wkhuh duh vrph gudzedfnv zkhq dsso|lqj EF wr pxowlglphqvlrqdo/ kljk0suhflvlrq

qxphulfdo sureohpv1 Iru h{dpsoh/ iru ;3 yduldeohv zlwk grpdlqv lq wkh udqjh ^0433 433` zkhuh

d suhflvlrq ri vl{ gljlwv diwhu wkh ghflpdo srlqw lv uhtxluhg/ wkh plqlpxp ohqjwk ri wkh elqdu|

fkurprvrph lv 5:� ;3 @ 54931 Iru vxfk d sureohp JDv shuirup srruo| ehfdxvh wkh EF jhqhudwhv

d vhdufk vsdfh ri derxw 52�Sf1

Lqvwhdg ri xvlqj EF/ wklv uhsruw xvhv uhdo0frghg +UF, hqfrglqj vfkhph/ l1h1 hdfk fdqglgdwh vrox0

wlrq lv uhsuhvhqwhg dv d �rdw0srlqw yhfwru N�@ ^n
�

�> ===> n
�
6`1 Dw +w,wk jhqhudwlrq/ PRJD pdlqwdlqv d

srsxodwlrq ri lqglylgxdov/ N+w, @ ^N�+w,> ===>N�+w,> ===>N?RJR+w,` /zlwk d �{hg srsxodwlrq vl}h qRJR1

Wklv uhdo0frghg +UF, uhsuhvhqwdwlrq kdv pdq| dgydqwdjhv ryhu wkh fodvvlfdo elqdu|0frghg +EF,

uhsuhvhqwdwlrq zklfk xvhv d elw vwulqj wr frgh fdqglgdwh vroxwlrqv ^48`1

� Wkh UF lv idvwhu/ pruh frqvlvwhqw iurp uxq wr uxq dqg surylghv d kljkhu suhflvlrq wkdq

EF/Wkh suhflvlrq ri UF ghshqgv rq wkh xqghuo|lqj pdfklqh/ khqfh lv jhqhudoo| pxfk ehwwhu

wkdq wkdw ri wkh EF1 Dowkrxjk zh fdq dozd|v hqkdqfh wkh suhflvlrq ri wkh UF e| lqwurgxflqj

pruh elwv/ wklv frqvlghudeo| vorzv grzq wkh dojrulwkp1

� Wkh UF lv fdsdeoh ri uhsuhvhqwlqj txlwh odujh grpdlqv1 Rq wkh rwkhu kdqg/ wkh EF pxvw

vdful�fh suhflvlrq zlwk dq lqfuhdvh lq grpdlq vl}h iru d jlyhq �{hg elqdu| ohqjwk1 Wkxv wkh

UF dyrlgv Kdpplqj Fol�v h�hfw iurp zklfk wkh EF vx�huv1

� Wkh UF lv frqfhswxdoo| forvhvw wr wkh sureohp vsdfh/ vr yluwxdoo| qr ghfrglqj lv uhtxluhg1

Wkh UF dovr doorzv iru dq hdvlhu lpsohphqwdwlrq ri jhqhwlf rshudwruv1

��� ��
�
�� �������
��

D vlpsoh JD lv dq lwhudwlyh surfhgxuh vwduwlqj zlwk d udqgrpo| jhqhudwhg srsxodwlrq ri fdqglgdwh

vroxwlrqv1 Vlqfh rqh kdv olwwoh jhrphwulf nqrzohgjh ri wkh vhdufk vsdfh ri wdujhw sureohp ehiruh

vroylqj lw/ wkh xqlirup glvwulexwlrq lv dujxdeo| wkh ehvw lqlwldol}dwlrq vfkhph/ nhhslqj lq plqg wkdw

wkh srsxodwlrq vl}h qRJR lv wkh rqo| idfwru lq wklv phwkrg wr edodqfh wkh wudgh0r� ehwzhhq lqlwldo

glyhuvlw| dqg frpsxwdwlrqdo frpsoh{lw|1 Li qRJR lv wrr vpdoo/ wkh fkdqfh wkdw wkh fkurprvrphv lq

wkh srsxodwlrq fryhu wkh hqwluh vhdufk vsdfh lv orz1 Wklv pdnhv lw gl�fxow wr rewdlq wkh joredo

rswlpxp vroxwlrq dqg ohdgv wr d orfdo rswlpxp dv d uhvxow ri suhpdwxuh frqyhujhqfh1 Rq wkh

rwkhu kdqg/ d srsxodwlrq vl}h wkdw lv wrr odujh ghfuhdvhv wkh udwh ri frqyhujhqfh1 Lq wkh zruvw fdvh

:



vfhqdulr/ lw pd| ohdg wr glyhujhqfh1 Khqfh wkh srsxodwlrq vl}h qhhgv wr eh vhohfwhg edvhg rq wkh

vl}h ri vhdufk vsdfh1 Dq h{dpsoh dw wkh hqg ri wklv vhfwlrq zloo fohduo| looxvwudwh wklv uhodwlrqvkls1

Lqglylgxdov lq wkh �uvw jhqhudwlrq duh hydoxdwhg dqg dvvljqhg �wqhvv ydoxhv edvhg rq wkhlu

uhodwlyh shuirupdqfh1 Wkurxjk dsso|lqj jhqhwlf rshudwruv/ wkh lqlwldo srsxodwlrq zloo hyroyh lqwr d

qhz srsxodwlrq zklfk frqwdlqv d jurxs ri ehwwhu vroxwlrqv1

��� ���� �����
�� ��
 �����	�
�� )��
�
�$

Frvw ixqfwlrqv duh gluhfwo| uhodwhg wr rxu ghvljq remhfwlyhv dqg frqvwudlqwv1 Li zh duh wr vroyh

d plqlpl}lqj sureohp/ wkh remhfwlyh ixqfwlrq lwvhoi fdq eh xvhg dv frvw ixqfwlrq ehfdxvh JDv duh

dlplqj dw plqlpl}lqj frvw ixqfwlrqv1 Rq wkh rwkhu kdqg/ wr gh�qh wkh frvw ixqfwlrq iru pd{lpl}dwlrq

sureohpv/ rqh xvxdoo| mxvw wdnhv wkh uhflsurfdo ru �lsv wkh vljq ri remhfwlyh ixqfwlrqv1 Vlqfh JD lv

d srsxodwlrq0edvhg suredelolvwlf rswlpl}dwlrq phwkrg dqg grhv qrw uhtxluh wkh frqyh{lw| ri vhdufk

vsdfh/ wkh frvw ixqfwlrq M+N, fdq eh iuhho| fkrvhq iru wkh frqyhqlhqfh ri ghvljqhu1 Dowkrxjk wkh

rswlpl}dwlrq sureohp ri �{hg0vwuxfwxuh frqwuroohu fdq eh irupxodwhg dv vroylqj OPLv/ olplwlqj wkh

remhfwlyh ixqfwlrqv lq txdgudwlf irup grhv qrw ixoo| h{soruh wkh srwhqwldo ri JDv1 Vrph sudfwlfdo

ghvljq sureohp lv yhu| gl�fxow ru hyhq lpsrvvleoh wr eh sdudphwul}hg lq vwdqgdug iudphzrunv1

Frqvwudlqwv fdq riwhq eh vhhq dv kdug remhfwlyhv/ zklfk qhhg wr eh vdwlv�hg ehiruh wkh rswlpl}d0

wlrq ri wkh uhpdlqlqj remhfwlyhv wdnhv sodfh^4:`1 Frqvwudlqwv duh xvxdoo| h{suhvvhg lq wkh iroorzlqj

w|sh ri lqhtxdolw|

i+N, 9 j +4,

zkhuh i+N, lv d uhdo0ydoxhg ixqfwlrq ri yduldeoh vhw N/ dqg j lv d frqvwdqw ydoxh1 Wkh lqhtxdolw|

pd| dovr eh vwulfw +? lqvwhdg ri 9,1 Htxdolw| frqvwudlqwv ri wkh w|sh i+{, @ j fdq eh irupxodwhg dv

sduwlfxodu fdvh ri lqhtxdolw| frqvwudlqwv1 Wkh vlpsohvw dssurdfk wr kdqglqj frqvwudlqwv kdv ehhq wr

dvvljq lqihdvleoh lqglylgxdov dq duelwudulo| kljk frvw +ru orz �wqhvv,1 Fhuwdlq w|shv ri frqvwudlqwv/

vxfk dv erxqgv rq wkh vhdufk vsdfh/ fdq eh kdqgohg e| pdsslqj wkh vhdufk vsdfh vr dv wr plqlpl}h

wkh qxpehu ri lqihdvleoh vroxwlrqv lw frqwdlqv dqg ghvljqlqj wkh jhqhwlf rshudwruv fduhixoo| lq rughu

wr plqlpl}h wkh surgxfwlrq ri lqihdvleoh r�vsulqj iurp ihdvleoh sduhqwv ^4;`1 Lq wkh fdvh zkhuh

qr ihdvleoh lqglylgxdov duh nqrzq ru fdqqrw hdvlo| eh irxqg/ exw hydoxdwlrq ri lqglylgxdov duh

uhodwlyho| hdv|/ d shqdow| ixqfwlrq lv xvhg wr lpsrvh shqdow| rqwr lqihdvleoh lqglylgxdov ghshqglqj

rq wkh h{whqw wr zklfk wkh| ylrodwh wkh frqvwudlqwv1 Wkhq frvw ixqfwlrq iru wkh frqvwudlqw +4, lv

vlpso|

M+N, @ T^i+N,� j` +5,

zkhuh wkh shqdow| ixqfwlrq

T^d` @

�
d d A 3

3 d 9 3
= +6,
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J(K)

f(K)=1/(1+J(K))

1

0

Iljxuh 6= Dq h{dpsoh ri �wqhvv dvvljqphqw iru d plqlpl}lqj sureohp zlwk srvlwlyh vhplgh�qlwh

remhfwlyh ixqfwlrq1

Iru h{dpsoh/ wkh frvw ixqfwlrq M7
"

+N, @ T^V"+N,� 9` lv wr hqirufh wkh frqvwudlqw ri pdnlqj wkh

shdn ydoxh ri vhqvlwlylw| ixqfwlrq ohvv wkdq 9gE1

��* �
�����

Diwhu wkh ixqfwlrq hydoxdwlrq/ d uhdo srvlwlyh qxpehu fdoohg �wqhvv lv dvvljqhg wr hdfk fdqglgdwh

vroxwlrq lq wkh zd| wkdw pd{lpl}lqj wkh �wqhvv lv htxlydohqw wr plqlpl}lqj wkh frvw ixqfwlrq/ l1h1/

pd{^i+N,`+,plq^M+N,`+, dfklhyh remhfwlyh dqg2ru vdwlvi| frqvwudlqw= +7,

Wkh �wqhvv vhuyhv dv wkh vxuylylqj suredelolw| ri hdfk lqglylgxdo gxulqj jhqhwlf rshudwlrqv dv

ghvfulehg lq wkh qh{w vhfwlrq1 Dq lqglylgxdo zlwk d eljjhu �wqhvv ydoxh lpsolhv kljkhu txdolw| zlwk

uhvshfw wr ghvljq remhfwlyhv/ dqg d ehwwhu fkdqfh wr vxuylyh lq jhqhwlf rshudwlrqv1 Wkh surjudpphu

lv doorzhg wr xvh dq| �wqhvv ixqfwlrq wkdw dgkhuhv wr wkh uhodwlrqvkls lq +7,1 Wklv dgydqwdjh ryhu

rwkhu rswlpl}dwlrq phwkrgv pdnhv JDv pruh dwwudfwlyh zkhq ghdolqj zlwk sudfwlfdo hqjlqhhulqj

rswlpl}dwlrq sureohpv1 +8, dqg Iljxuh 6 vkrz dq h{dpsoh ri gh�qlqj �wqhvv iru d plqlpl}lqj

sureohp zlwk srvlwlyh vhplgh�qlwh remhfwlyh ixqfwlrq1 i+N, jhwv wkh eljjhvw ydoxh ri 4 +iru d

srvvlelolw| pd| qrw eh juhdwhu wkdq 4, zkhq plqlpxp M+N, @ 3/ dqg frqyhujhv wr }hur dv M+N,

lqfuhdvhv1

i+N, @
4

4 . M+N,
+8,

��+ "����
� ���	���	�% ,�����
��- �	������	- ��
 �����
��

Wkh qhz jhqhudwlrq lv jhqhudwhg iurp wkh fxuuhqw rqh e| h{dplqlqj wkh �wqhvv ri doo fdqglgdwh

vroxwlrqv dqg dsso|lqj wkh jhqhwlf rshudwruv/ zklfk duh vhohfwlrq/ furvvryhu/ dqgpxwdwlrq1 Wkurxjk

wkh jhqhwlf rshudwlrqv/ wkh vxuylydo ri wkh �wwhvw phdqv wudqvihuulqj wkh kljko| �w fkurprvrphv wr

wkh qh{w jhqhudwlrq ri fkurprvrphv dqg frpelqlqj gl�huhqw fkurprvrphv wr h{soruh qhz vhdufk

srlqwv1

<



Vhohfwlrq Wkh urxohwwh0zkhho0olnh vhohfwlrq lv pruh olnho| wr slfn xs fdqglgdwhv zlwk kljkhu �wqhvv

ydoxhv lqwr d pdwlqj srro1 Hdfk fdqglgdwh vroxwlrq fruuhvsrqgv wr d volfh lq wkh zhljkwhg urxohwwh

zkhho +Iljxuh 50+7,,1 Wkh uhodwlyh vl}h ri wkh volfh htxdov wr wkh �wqhvv shufhqwdjh ri fruuhvsrqglqj

vroxwlrq lq wkh wrwdo �wqhvv1 Wkh wrwdo �wqhvv lv rewdlqhg e| vxpplqj wkh �wqhvv ryhu doo lqglylgxdov

lq wkh fxuuhqw jhqhudwlrq1 Hyhu| vslq ri wkh zhljkwhg urxohwwh zkhho |lhogv rqh uhsurgxfwlrq

fdqglgdwh iru sduhqw srro1 Vlqfh wkh wlph wr vwrs lv d xqlirup udqgrp yduldeoh/ wkh srvvlelolw| ri

dq| lqglylgxdo ehlqj slfnhg xs lv sursruwlrqdo wr lwv �wqhvv1 Wklv vslqqlqj surfhvv qhhgv wr eh

uhshdwhg xqwlo hqrxjk sduhqwv duh jhqhudwhg1

Furvvryhu Wkh vhohfwhg vroxwlrqv lq sduhqw srro duh wkhq surfhvvhg e| dsso|lqj furvvryhu zklfk

sdluv xs wkh sduhqwv dqg h{fkdqjhv sruwlrq ri wkhlu vhjphqwv sdluzlvho|1 Wkh vwhs 8 ri Iljxuh 5

vkrzv d vlqjoh srlqw furvvryhu iru EF fkurprvrphv1 D furvvryhu srlqw lv vhohfwhg udqgrpo| dv dq

lqwhjhu ehwzhhq 4 dqg wkh fkurprvrph ohqjwk1 Khuh wklv furvvryhu srlqw lv :1 Wkhq fkloguhq Fklog

4 dqg Fklog 5 duh jhqhudwhg e| h{fkdqjlqj wkh vhjphqwv diwhu : ehwzhhq Sduhqw 4 dqg Sduhqw 51

Ehvlghv wkh furvvryhu srlqw/ dqrwkhu sdudphwhu fdoohg furvvryhu suredelolw| SS/ lv wr frqwuro

wkh qxpehu ri furvvryhuv e| dfwlqj dv d ghflvlrq yduldeoh ehiruh shuiruplqj wkh furvvryhu1 D uhdo

qxpehu lv xqlirupo| jhqhudwhg lq wkh udqjh ^3 4`1 Li wklv qxpehu lv ohvv wkdq SS/ d furvvryhu lv

shuiruphg/ rwkhuzlvh/ Fklog 4 dqg Fklog 5 duh vlpso| gluhfw frslhv ri Sduhqw 4 dqg Sduhqw 51

Pxwdwlrq Qdwxuh xvhv odujh srsxodwlrq vl}hv wr nhhs khu glyhuvlw|1 Krzhyhu/ lw lv h{shqvlyh wr

nhhs d yhu| odujh srsxodwlrq lq JDv1 Lqvwhdg/ Pxwdwlrq shuirupv d voljkw shuwxuedwlrq wr wkh

uhvxowlqj vroxwlrqv zlwk d yhu| orz suredelolw|1 Dv looxvwudwhg lq wkh vwhs 9 ri Iljxuh 5/ wkh :wk

jhqh lv elw Wklv lv dq h�hfwlyh zd| wr suhvhuyh wkh glyhuvlw| zlwk d olplwhg srsxodwlrq vl}h1

Lq wklv uhsruw/ d vshfldo g|qdplf pxwdwlrq rshudwru lv xvhg dlplqj dw erwk lpsurylqj vlqjoh0

hohphqw wxqlqj dqg uhgxflqj wkh glvdgydqwdjh ri udqgrp pxwdwlrq lq wkh UF lpsohphqwdwlrq1

Zh fdoo lw d qrq0xqlirup pxwdwlrq ^48`1 Li N�+w,@ ^n
�

�+w,> => n
�

� +w,==> n
�
6+w,` lv d fkurprvrph lq +w,wk

jhqhudwlrq dqg wkh hohphqw n
�

� lv vhohfwhg iru dsso|lqj qrq0xqlirup pxwdwlrq/ wkh uhvxow lv d yhfwru

N��+w, @ ^n
�

�+w,> => n
��

� +w,==> n
�
6+w,`/ zkhuh

n
��

� @

+
n
�

� .�+w> XE � n
�

� , li d udqgrp gljlw lv 3

n
�

� ��+w> n
�

� �OE, li d udqgrp gljlw lv 4

dqg OE dqg XE duh orzhu dqg xsshu grpdlq erxqgv ri wkh yduldeoh n
�

� 1 Wkh ixqfwlrq �+w> }, lv

fkrvhq vxfk wkdw lw uhwxuqv d ydoxh lq wkh udqjh ^3> }` dqg wkh suredelolw| ri �+w> }, ehlqj forvh wr 3

lqfuhdvhv dv w lqfuhdvhv1 Wklv surshuw| fdxvhv wklv rshudwru wr vhdufk wkh vsdfh xqlirupo| lqlwldoo|

dqg yhu| orfdoo| dw odwhu vwdjhv> wkxv lqfuhdvlqj wkh suredelolw| ri jhqhudwlqj wkh qhz srlqw forvhu wr

wkh ruljlqdo rqh udwkhu wkdq d udqgrp fkrlfh1 Dffruglqj wr wklv uhtxluhphqw/ wkh iroorzlqj ixqfwlrq
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lv xvhg lq wklv uhsruw=

�+w> }, @ } �

�
4� u

E�3 |

?
}e?

�K
�

zkhuh u 5 ^3> 4` lv d udqgrp qxpehu/ q}e? lv wkh pd{lpdo jhqhudwlrq qxpehu/ dqg e lv d v|vwhp

sdudphwhu ghwhuplqlqj wkh ghjuhh ri ghshqghqf| rq lwhudwlrq qxpehu1 Dv vkrzq lq Iljxuh 7 dqg

Iljxuh 8/ wkh eljjhu e lv/ wkh idvwhu wkh suredelolw| ghqvlw| ri �+w> }, ehfrph frqfhqwudwhg rq }hur

zlwk wkh lqfuhdvh ri w1

Iljxuh 7= Wkh suredelolw| ghqvlw| ri !+{> }, zlwk uhvshfw wr hyroylqj jhqhudwlrq w zkhq e@51

Iljxuh 8= Wkh suredelolw| ghqvlw| ri !+{> }, zlwk uhvshfw wr hyroylqj jhqhudwlrq w zkhq e@81
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Wdeoh 4= Wkh frpsxwdwlrqdo frvw dqg vroxwlrq txdolw| y1v1 wkh qxpehu ri jhqhudwlrqv dqg srsxodwlrq

vl}h
q}e? 8 43 48 63 83 433

qRJR 933 633 533 433 93 63

FSX wlph +v, 831;9 58149 4;179 45186 431:: 43

pd{+{� JR|, 3148 313348 31334 31349 313335: 313337:

-40 -30 -20 -10 0 10 20 30 40
0

5

10

15

20

25
J(

X
)

X

Iljxuh 9= Wkh looxvwudwlrq ri wkh qrq0frqyh{ rswlpl}dwlrq h{dpsoh lq +9, zkhq q@41

��. #� /������ �� ���
�
���
�� �' "#

Wkh iroorzlqj h{dpsoh +9, vkrzv wkh h�hfwlyhqhvv ri JD lq vroylqj qrq0frqyh{ rswlpl}dwlrq sure0

ohpv1 Wkh joredo plqlpxp ri wklv h{dpsoh/ M+{�, @ 3> lv dssduhqwo| dfklhyhg dw ruljlq {� @ 3/ dv

vkrzq lq Iljxuh 9 +q @ 4,1 Wkh judglhqw0edvhg phwkrgv duh olnho| wr eh wudsshg lq qxphurxv orfdo

plqlpd dw {� @ 5n�> n @ 3> 4> === 1

plq
%�

^M+{�,` @ plq
%�

?[
�'�

����{�
5

���. 7
���vlq+{�

5
,
���� +9,

{� 5 ^�73> 73`> q @ ;

Lq Gh Mrqj*v ^4<` vwxg| ri jhqhwlf dojrulwkpv lq ixqfwlrq rswlpl}dwlrq/ d vhulhv ri sdudphwulf

vwxglhv dfurvv d �yh ixqfwlrq vxlwh ri sureohpv vxjjhvwhg wkdw jrrg JD shuirupdqfh uhtxluhv wkh

fkrlfh ri d prghudwh srsxodwlrq vl}h qRJR/ d kljk furvvryhu suredelolw| SS/ dqg d orz pxwdwlrq

suredelolw| S6 zklfk lv lqyhuvho| sursruwlrqdo wr wkh srsxodwlrq vl}h qRJR1

Wr gholyhu wkh ehvw shuirupdqfh ri JD zlwk d jlyhq frpsxwdwlrqdo srzhu/ wkh uljkw fkrlfh ri

wkh qxpehu ri jhqhudwlrqv dqg wkh srsxodwlrq vl}h lv fuxfldo1 Iljxuh : looxvwudwhv wkh lqwhudfwlrq ri
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Iljxuh := Wkh uljkw fkrlfh ri wkh srsxodwrq vl}h lq rqh jhqhudwlrq dqg wkh qxpehu ri jhqhudwlrqv

lv yhu| lpsruwdqw lq JDv1 Doo wuldov kdyh d wrwdo ri 6333 vdpsohv1
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Iljxuh ;= Xsrqj dsso|lqj JD wr vroyh wkh jlyhq h{dpsoh/ wkh uhodwlrqvkls ehwzhhq wkh wlph wr

frqyhujhqfh + m{� JR|m ? 433� , dqg wkh ghplqvlrq ri vhdufk vsdfh lv doprvw olqhdu1

wkhvh wzr txdqwlwlhv rq wkh �wqhvv frqyhujhqfh dqg Wdeoh 4 vkrzv wkhlu lpsdfw rq wkh frpsxwdwlrqdo

frvw dqg vroxwlrq txdolw|1 Iru d idlu frpsdulvrq/ doo vl{ fdvhv kdyh wkh vdph wrwdo qxpehu ri 6333

vdpsohv dqg wkh wlph wr frqyhujhqfh iru doo fdvhv lv gh�qhg dv zkhq yduldeohv ri wkh ehvw vroxwlrq

frqyhujh wr d k|shu0edoo fhqwhuhg dw ruljlq zlwk d udglxv ri 433�1 Zh fdq vhh iurp Iljxuh : wkdw

li wkh srsxodwlrq vl}h lv wrr vpdoo/ lw pd| ohdgv wr wkh suhpdwxuh frqyhujhqfh sureohp ehfdxvh

ri wkh odfn ri glyhuvlw|1 Judsklfdoo| lw dsshduv dv d sodwhdx lq wkh dyhudjh �wqhvv fxuyh ehiruh lw

frqyhujhv wr 41 D �wqhvv ri 4 jhqhudoo| fruuhvsrqgv wr wkh joredo rswlpdolw| +Iljxuh :0I,1 Rwkhu

judsklfdo hylghqfhv ri wkh odfn ri glyhuvlw| lqfoxgh wkh h{lvwlqj ri yhu| urxjk fxuyhv/ dqg wkdw wkh

dyhudjh �wqhvv fxuyh lv pxfk forvhu wr wkh pd{lpxp �wqhvv fxuyh wkdq wr wkh plqlpxp �wqhvv

fxuyh1 Dv wkh lqfuhdvlqj ri srsxodwlrq vl}h/ krzhyhu/ wkh frqyhujhqfh vshhg lv orzhulqj dqg wkh

frpsxwdwlrqdo frvw lv lqfuhdvlqj1 Dv vkrzq lq Wdeoh 4 dqg Iljxuh :0D/ xvlqj wrr odujh srsxodwlrq

vl}h qrw rqo| zdvwhv frpsxwdwlrqdo uhvrxufh exw dovr orzhuv wkh txdolw| ri vroxwlrq1 Doo vlpxodwlrq

duh shuiruphg rq d DPG 4JK} SF zlwk 589PE phpru|1

Iljxuh ; vkrzv wkh uhodwlrqvkls ehwzhhq wkh frpsxwdwlrqdo frvw +wkh wlph iru doo Sduhwr vrox0

wlrqv frqyhujh wr d vpdoo k|shu0edoo durxqg wkh ruljlq, dqg wkh glphqvlrq ri vhdufk vsdfh1 Xqolnh

wkh hqxphudwlyh ru OPL.dssur{lpdwlrq.VGS phwkrgv/ wkh FSX wlph uhsuhvhqwlqj wkh ryhudoo

frpsxwdwlrqdo frpsoh{lw| grhv qrw lqfuhdvh h{srqhqwldoo|/ exw doprvw olqhduo| uhodwlyh wr wkh lq0

fuhdvlqj qxpehu ri wxqdeoh yduldeohv1 Wklv lv wuxo| dwwudfwlyh iru d QFPRS zlwk odujh qxpehu ri

wxqdeoh sdudphwhuv1

Zh zrxog olnh wr srlqw rxw wkdw wkhuh lv qr kdug dqg erxqg uhvwulfwlrqv rq zkdw rshudwru dqg
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Multiple      
cost      

functions Ji
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optimum
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Single Cost 
Function

Jo=∑i Wi Ji

Decision 
Making

Decision 
MakingNo weightings 

before optimization

Pareto-based

Weighting-based

Iljxuh <= Gl�huhqw phwkrgv ri ghdolqj zlwk pxowlremhfwlyh rswlpl}dwlrq sureohpv1 Wkh xsshu sduw

lv wkh frqyhqwlrqdo zhljkwlqj phwkrg dqg wkh orzhu sduw lv wkh Sduhwr0edvhg dssurdfk1

vwudwhjlhv d surjudpphu kdv wr xvh/ vr rqh kdv wkh iuhhgrp wr fkrrvh wkh rshudwlrq dqg vwudwhjlhv

lq dq| frpelqdwlrq dffruglqj wr wkh fkdudfwhulvwlfv ri wdujhw sureohp1

* ����
0��1���
�� "����
� #�$�	
� ��

Wklv vhfwlrq sursrvhv d Pxowl0Remhfwlyh Jhqhwlf Dojrulwkp +PRJD,/ zklfk h{whqgv wkh jhqhudo

JDv wr kdqgoh pxowl0remhfwlyh rswlpl}dwlrq sureohpv/ hvshfldoo| rqhv zlwk qrq0frpphqvxudeoh

remhfwlyhv1 Vhyhudo pxowlremhfwlyh jhqhwlf dojrulwkpv +PRJDv,/ zklfk duh JDv frpelqhg zlwk wkh

frqfhsw ri Sduhwr rswlpdolw|/ kdyh ehhq sursrvhg ^45` ^53`1 D jrrg uhylhz ri PRJDv lv lq ^54`1

Pdq| uhvhdufkhuv ^55` ^56` ^44` kdyh vxffhvvixoo| dssolhg PRJD wr vroyh PRSv1

*�� ����
0��1���
�� ���
�
���
�� 2���3

Sudfwlfdo frqwuro ghvljq sureohpv duh riwhq fkdudfwhul}hg e| vhuydo qrq0frpphqvxudeoh dqg riwhq

frpshwlqj phdvxuhv ri shuirupdqfh/ ru vr0fdoohg remhfwlyhv1 Li dq| ri remhfwlyhv duh frpshwlqj/

wkhuh lv qr xqltxh vroxwlrq1 Rqh zd| ri ghdolqj zlwk pxowlsoh remhfwlyhv lv wr frpelqh wkhp lqwr

d vlqjoh remhfwlyh e| xvlqj zhljkwv +wkh xsshu sduw ri Iljxuh <,1 Lq prvw fdvhv/ krzhyhu/ wkh ehvw

frpelqdwlrq ri zhljkwv lv qrw nqrzq lq dgydqfh gxh wr wkh odfn ri nqrzohgjh ri wdujhw sureohp1

Wkh zkroh lwhudwlyh surfhvv lqyroyhv pdq| wu|0dqg0huuruv1 Rqh kdv wr sod| zlwk zhljkwv dqg uhshdw

rswlpl}dwlrq iru pdq| wlphv ehiruh jhwwlqj lqvljkw lqwr wkh lqwhudfwlrq dprqj remhfwlyhv1 Wklv

vlwxdwlrq zloo jhw zruvh zlwk lqfuhdvlqj qxpehu ri frpshwlqj remhfwlyhv1

Ixuwkhupruh/ wkh vroxwlrq wudgh0r� erxqgdu| pd| eh qrqfrqfxuuhqw vr wkdw fhuwdlq vroxwlrqv

duh qrw dffhvvleoh ^57`1 Wklv fdq eh looxvwudwhg jhrphwulfdoo| e| wkh iroorzlqj h{dpsoh zlwk wzr

remhfwlyhv1 Lq wkh remhfwlyh ixqfwlrq vsdfh d olqh/ O/ zM+N, @ e lv gudzq1 Wkh plqlpl}dwlrq ri e lq
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L: wTJ(K)=b

Λ

J1(K)

J2(K)
Trade-off solutions

Iljxuh 43= Wkh frqyh{ wudgh0r� erxqgdu| lv dffhvvleoh e| ydu|lqj zhljkwv1

Λ

J1(K)

J2(K)

L: wTJ(K)=b

Trade-off solutions

α

β

Iljxuh 44= Vrph wudgh0r� vroxwlrqv rq wkh qrqfrqyh{ erxqgdu| duh qrw dffhvvleoh e| ydu|lqj z1

grpdlq � fdq eh lqwhusuhwhg dv �qglqj wkh ydoxh ri e iru zklfk O mxvw wrxfkhv wkh erxqgdu| ri � dv

lw surfhhgv rxwzdugv iurp wkh ruljlq1 Vhohfwlrq ri zhljkwv z @ ^z�> z2`/ wkhuhiruh/ gh�qhv wkh vorsh

ri O/ zklfk lq wxuq ohdgv wr wkh vroxwlrq srlqw zkhuh O wrxfkhv wkh erxqgdu| ri �1 Iru d � zlwk

frqyh{ orzhu erxqgdu| dv vkrzq lq Iljxuh 43/ doo rswlpdo vroxwlrqv duh uhdfkdeoh e| ydu|lqj z1

Krzhyhu/ dffhvvlelolw| fdqqrw eh jxdudqwhhg iru � zlwk d qrqfrqyh{ orzhu erxqgdu|1 Iru h{dpsoh/

lq Iljxuh 44/ doo vroxwlrqv ehwzhhq wkh srlqw � dqg � duh qrw dffhvvleoh1

*�� ��	��� ���
���
�' ��
 ��	��� (��4
�$

Sduhwr rswlpdolw|/ ghyhorshg e| Yloiuhgr Sduhwr +4;7;04<56/ dq Lwdoldq vrflrorjlvw,/ lv wkh prvw

zlgho| dffhswhg fulwhulrq ri hfrqrplf h�flhqf|1 D vwdwh ri d jlyhq v|vwhp lv Sduhwr rswlpdo/ dqg

wkxv h�flhqw/ li dqg rqo| li wkhuh lv qr ihdvleoh dowhuqdwlyh vwdwh ri wkdw v|vwhp lq zklfk dw ohdvw rqh

lv ehwwhu r� dqg qr rqh lv zruvh r�1 Dqg/ iru sxusrvhv ri wklv fulwhulrq/ d shuvrq lv cehwwhu r�* zlwk

vrph dowhuqdwlyh D udwkhu wkdq E li dqg rqo| li wklv shuvrq suhihuv D wr E ^58`1 Wkh frqfhsw ri

Sduhwr rswlpdolw| uhtxluhv qr zhljkwv ehiruh rswlpl}dwlrq dqg pdnhv lw srvvleoh wr surylgh pxowlsoh

rswlpdo vroxwlrqv wr ghflvlrq pdnhu1
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Gh�qlwlrq 4 +Grplqdwlqj Vroxwlrq, Wkh yhfwru M+N�,@iM�+N
�,> ===> M?+N

�,j lv vdlg wr grp0

lqdwh yhfwru M+N2, @ iM�+N
2,> ===> M?+N

2,j li dqg rqo| li M+N�, lv sduwldoo| ohvv wkdq M+N2,/

ghqrwhg dv M+N�, ?R M+N
2,/ pruh suhflvho|

+;l,M�+N
�, 9 M�+N

2, a +<l,M�+N
�, ? M�+N

2,= +:,

Gh�qlwlrq 5 +Sduhwr Rswlpdolw|, D vroxwlrq N�
lv Sduhwr rswlpdo li dqg rqo| li wkhuh lv qr

N2 5 
g vxfk wkdw M+N2, ?R M+N
�,1 Sduhwr rswlpdo vroxwlrqv NR duh dovr fdoohg qrq0grplqdwhg

vhw ru qrq0lqihulru vhw/ zklfk duh d vhw ri N�
vxfk wkdw

+M+N�, � RM+N
�,, a +M+N�, �R M+N

�,,> +;,

N� 5 NR>N
� 5 NR>;l 9@ m=

Lq wkh rwkhu zrugv/ wkh Sduhwr vhw lv rswlpdo lq wkh vhqvh wkdw qr lpsuryhphqw fdq eh dfklhyhg

lq dq| remhfwlyh zlwkrxw ghjudgdwlrq lq rwkhuv1 Dq looxvwudwlrq h{dpsoh lv vkrzq lq Iljxuh 46/

wkh vroxwlrqv duh hydoxdwhg edvhg rq wkuhh shuirupdqfh lqgh{hv uhvshfwlyho|1 Iru hdfk lqgh{/ wkh

vpdoohu wkh ydoxh/ wkh ehwwhu wkh vroxwlrq1 Lw lv hdv| wr vhh wkdw vroxwlrq D dqg E duh ehwwhu wkdq doo

rwkhu vroxwlrqv lq doo dvshfwv1 Krzhyhu/ D shuirupv ehwwhu wkdq E lq whupv ri M� dqg M2 exw zruvh

wkdq E lq whup ri M�1 Dffruglqj wr wkh gh�qlwlrq ri Sduhwr rswlpdolw|/ zh vd| D dqg E duh wkh

htxdoo| ehvw vroxwlrqv dqg lq wkh vdph Sduhwr vhw1 Vlploduo|/ F dqg G duh htxdoo| jrrg vroxwlrqv lq

wkh vhfrqg ehvw vhw1 Erwk grplqdwh vroxwlrq H exw duh grplqdwhg e| D dqg E1 Wkh ryhudoo Sduhwr

udqnlqj zlwk uhvshfw wr M @ iM�> M2> M�j fdq eh h{suhvvhg dv

MiD>Ej ?R MiF>Gj ?R MiHj +<,

Wkh �rz fkduw ri wkh PRJD xvhg lq wklv uhsruw lv vkrzq lq Iljxuh 451 Wkh ghwdlov duh ghvfulehg

ehorz1 D vxppdu| ri wklv PRJD lv jlyhq dw wkh hqg ri wklv vhfwlrq1

Doo N� lq wkh Sduhwr rswlpdo vhw kdyh wkh vlplodu yhfwruldo shuirupdqfh dqg wkxv duh vr0fdoohg

_wkh htxdoo| ehvw vroxwlrqv% dprqj wkh fxuuhqw jhqhudwlrq N @ ^N�> ===>N?RJR `1 Wkhuhiruh wkh| duh

dvvljqhg wkh vdph udqn ri 41 Wkh �qdo vroxwlrq ri d PRS ghshqgv rqo| rq wkh yhfwruldo shuirupdqfh

dqg rq wkh suhihuhqfhv ri wkh ghflvlrq pdnhu/ dqg qrw rq dq| vxevhtxhqw rswlpl}dwlrq ^59`1 Edvhg

rq +:, dqg +;,/ d Sduhwr udqnlqj vfkhph vlplodu wr ^5:` lv sursrvhg iru PRJD dv iroorzlqj/

41 Vruw N @ ^N�> ===>N�> ===>N?RJR ` iurp wkh ohdvw wr wkh odujhvw dffruglqj wr mmM+N�,mm� @S?

�'� M�+N
�,= Wkh vruwhg yhfwru lv ghqrwhg dv Nr1 Ohw UQN@41

51 Xvh wkh �uvw hqwu| ri Nr/ N
�
r / dv fulwhulrq1 Wdnh rxw dq| N

�
r iurp Nr dqg sxw lw lqwr d

grplqdwhg yhfwru �_ li M+N
�
r , ?R M+N

�
r,/ m @ 5> ===> ohqjwk+Nr,1

61 Pryh rxw N�
r iurp Nr dqg sxw lw lqwr d Sduhwr rswlpdo vhw NR1

4:



Calculate the cost vector J(Kj(t))

K(t)=[K1(t),… ,Kj(t),... ,Km(t) ]

Rank-based fitness assignment and sharing f(Kj(t))

Tournament Selection 

Crossover / Mutation 

K(t+1)=[K1(t+1),…, Kj(t+1),… ,Km(t+1)]

(95-e)%

Randomly generate the first generation K(1)

Pareto Ranking of K(t) according to J(Kj(t))

e%

Elites    
(Rank 1) 

5%

Random 
Immigrants 

Iljxuh 45= Wkh �rz fkduw ri PRJD zlwk holwlvp dqg udqgrp lpljudqwv1
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Iljxuh 46=
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71 Ohw wkh uhpdlqlqj fdqglgdwh vroxwlrqv lq Nr wr irup d qhz Nr/ wkhq uhshdw 5 wr 7 xqwlo doo

grplqdwhg vroxwlrqv duh uhpryhg1

81 Dvvljq doo hqwulhv lq NR zlwk wkh vdph udqn/ UQN1 Hpsw| NR1

91 Uhsodfh Nr zlwk �_/ l1h1 Nr @ �_1

:1 UQN @ UQN . 4 dqg uhshdw 5 wr : xqwlo wkh hqwluh srsxodwlrq lv udqnhg1

*�� (��40����
 �
����� #��
$�����

Hyhu| fdqglgdwh vroxwlrq N lv dvvljqhg d �wqhvv ydoxh i+N, zklfk lv wkh phdvxuhphqw ri vroxwlrq

txdolw|1 Iru d fdqglgdwh vroxwlrq lq PRJD/ wkh vpdoohu wkh udqn qxpehu/ wkh ehwwhu wkh yhfwruldo

shuirupdqfh1 E| vhohfwlrq/ wkh PRJD lv eldvhg wr wkh vroxwlrq zlwk kljkhu �wqhvv ydoxh1 Wkhuhiruh

wkh �wqhvv dvvljqphqw lv vxfk d pdsslqj wkdw pd{lpl}lqj wkh �wqhvv i+N, lv htxlydohqw wr plql0

pl}lqj wkh frvw yhfwru M+N,> l1h1 pd{lpl}lqj wkh yhfwruldo shuirup ri N1 Lq wklv sdshu/ d vlpsoh

h{srqhqwldo pdsslqj lv xvhg

i
�

+N, @
4

udqn+N+w,,
+43,

*�* ���	�0(��4 �
����� , �	
�$

Dowkrxjk doo _htxdoo| jrrg% vroxwlrqv duh dvvljqhg wkh vdph �wqhvv/ wkhlu dfwxdo fkrlfh wr eh vhohfwhg

dv sduhqwv pd| gl�hu gxh wr wkh udqgrp qdwxuh ri vhohfwlrq1 Wklv lpedodqfh fdq eh dffxpxodwhg

zlwk wkh hyroxwlrqv vxfk wkdw wkh srsxodwlrq guliwlqj wrzdugv dq duelwudu| uhjlrq ri wkh wudgh0

r� vxuidfh/ d skhqrphqrq nqrzq dv jhqhwlf guliw ^5;`1 Ydulrxv srsxodwlrq glyhuvlw| phfkdqlvpv

kdyh ehhq sursrvhg wkdw pdnh d JD wr pdlqwdlq d glyhuvh srsxodwlrq ri lqglylgxdov wkurxjk lwv

vhdufk1 Wkhvh phfkdqlvp doorz JDv wr lghqwli| pxowlsoh rswlpd lq d pxowlprgdo remhfwlyh grpdlq1

Lqwud0Udqn Ilwqhvv vkdulqj lv rqh ri vxfk phfkdqlvpv wr frxqwhudfw wkh h�hfw ri wkh jhqhwlf guliw

e| uh0glvwulexwlqj wkh �wqhvv dprqj wkh fdqglgdwh vroxwlrqv zlwk wkh vdph udqn ^59`1 Wkh vkdulqj

ixqfwlrq shqdol}hv wkh �wqhvv ri lqglylgxdov lq srsxodu qhljkerukrrgv dqg lv lq idyru ri pruh uhprwh

lqglylgxdov1 Lq wklv uhsruw/ wkh vkdulqj ixqfwlrq lv gh�qhg dv

i+N�, @
G+N�,S
� G+N�,

[
�

i
�

+N�, +44,

zkhuh G+N�+w,, lv wkh pxwxdo vlplodulw| glvwdqfh zklfk lv wkh vxppdwlrq ri vlplodulw| glvwdqfh

ehwzhhq N�+w, dqg dq| vroxwlrq N�+w,/ l 9@ m/ zlwk wkh vdph udqn lq wkh fxuuhqw jhqhudwlrq1 i
�

+N�,

lv wkh ruljlqdo �wqhvv ydoxh iru N� dqg i+N�, lv wkh �wqhvv diwhu vkdulqj1 Wkh vlplodulw| glvwdqfh

fdq eh gh�qhg hlwkhu lq wkh remhfwlyh vsdfh +skhqrw|sh, ^5<` ru lq wkh vroxwlrq vsdfh +jhqrw|sh,

^63`1 D jhqrw|sh vlplodulw| glvwdqfh lv xvxdoo| remhfwlyh lqghshqghqw phwulf/ vxfk dv wkh Kdpplqj

4<



glvwdqfh ehwzhhq wzr fdqglgdwh vroxwlrqv1 Lw lv xvhg li wkhuh lv olwwoh nqrzohgjh derxw wkh remhfwlyh

vsdfh1 D skhqrw|sh phwulf lv d pruh phdqlqjixo glvwdqfh phdvxuhphqw txdqwli|lqj wkh vlplodulw|

ri wzr vroxwlrqv lq wkh remhfwlyh vsdfh1

*�+ /�
�
�� ��
 	��
�� �
$	����

Wr lqfuhdvh wkh frqyhujlqj udwh ri PRJD/ wkh holwh +lqglylgxdov zlwk wkh Udqn 4, ri fxuuhqw

jhqhudwlrq/ zklfk lv h( ri wrwdo srsxodwlrq/ duh gluhfwo| frslhg lqwr wkh qhz jhqhudwlrq1 +<8 �

h,( lqglylgxdov duh jhqhudwhg iurp vhohfwlrq2furvvryhu2pxwdwlrq surfhvv1 Dv d frpsohphqwdu|

phfkdqlvp ri pxwdwlrq/ wkh uhpdlqlqj 8( duh jhqhudwhg udqgrpo| wr suhvhuyh wkh srsxodwlrq

glyhuvlw|1

Wkh PRJD xvhg lq wklv sdshu lv vxppdul}hg dv iroorzv1

41 Ghwhuplqh wkh vhdufk vsdfh ri N/ 
g � U6/ zklfk lv wkh udqjh ri N wkdw vwdelol}hv wkh

qrplqdo sodqw Sf+}
3�, e| Mxu| Fulwhulrq ^64`1

51 Wkh PRJD udqgrpo| dqg xqlirupo| jhqhudwhv wkh �uvw jhqhudwlrq zlwk qRJR lqglylgxdov

+fdqglgdwh vroxwlrqv,/ ^N�+4,> ===>N�+4,> ===>N?RJR+4,` 5 
g 1 Hdfk lqglylgxdo lv uhsuhvhqwhg

e| UF1

61 Iru hdfk lqglylgxdo N�+w, lq wkh fxuuhqw +w,wk jhqhudwlrq/ fdofxodwh wkh frvw ixqfwlrq yhfwru

M+N�+w,, @ iM�+N
�+w,,> ===> M�+N

�+w,,> ===> M?+N
�+w,,j1

71 Sduhwr udqnlqj ri ^N�+w,> ===>N�+w,> ===>N?RJR+w,` dffruglqj wr M+N�+w,,1

81 Dvvljq �wqhvv wrN�+w, edvhg rq lwv udqnlqj / i �+N�+w,, @ �
o@?&Eg�E|��

/ dqg dsso| �wqhvv vkdulqj/

i+N�+w,, @
(Eg��S
�
(Eg��

S
� i

�+N�+w,,1

91 Gluhfwo| pljudwh wkh holwh/ lqglylgxdov zlwk udqn 4/ wr wkh +w . 4,wk jhqhudwlrq1 Wklv pdnhv

xs h( ri wrwdo srsxodwlrq qRJR/ zkhuh h( lv xs wr 73(1

:1 Dsso| wkh wrxuqdphqw vhohfwlrq ^45` wr jhqhudwh qRJR � +<8 � h,( sduhqwv iurp wkh +w,wk

jhqhudwlrq1 D olqhdu furvvryhu lv xvhg wr surgxfh qRJR � +<8� h,( qhz lqglylgxdov iurp wkhvh

sduhqwv1 Dsso| pxwdwlrq wr wkhvh qhz lqglylgxdov1

;1 Udqgrpo| jhqhudwh 8( ri wrwdo qRJR lqglylgxdov lq wkh vhdufk vsdfh 
g iru wkh +w . 4,wk

jhqhudwlrq1

<1 Vhw ^N�+w . 4,> ===>N�+w . 4,> ===>N?RJR+w . 4,` dv wkh fxuuhqw jhqhudwlrq1 Vkrxog wklv qhz

jhqhudwlrq dfklhyh wkh rswlpl}dwlrq jrdo/ vwrs wkh PRJD> rwkhuzlvh jr wr vwhs 61
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Wdeoh 5= PRJD frq�jhudwlrqv

qRJR @ 533 Su+furvvryhu, @ 4 h( 9 63(

q}e? @ 93 Su+pxwdwlrq, @ 3=35

Wdeoh 6= Ghvljq remhfwlyhv ehiruh dqg diwhu PRJD rswlpl}dwlrq

Ehiruh Rswlpl}dwlrq Diwhu Rswlpl}dwlrq

5�4�*|@�L? , Tih�4i?| 5�4�*@|�L? , Tih�4i?|

phdq+��.7, 8=573 8=54< 8=365 8=344

ydu+��.7, 5=586 5=644 5=3<8 5=487

JP 9=4gE 9=6gE 9=4gE 9=5gE

SP 75=4� 73=7� 74=3� 6<=:�

$J 873K} 877K} 885K} 88:K}

V" 8=:gE 8=8gE 8=7gE 8=5gE

0.31
0.32

0.33
0.34

0.35
0.36

0.37

0.86

0.87

0.88

0.89

0.9
0

0.1

0.2

0.3

0.4

k
2

k
1

k 0

Pareto Optima  

Iljxuh 47= Wkh Sduhwr rswlpdo vroxwlrqv e| PRJD
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Wkh glvn gulyhv xvhg lq rxu h{shulphqwv kdyh d uhfruglqj ghqvlw| ri 4</633 WSL dqg d vdpsolqj

udwh ri 43/;33K}1 Wkh wudfn0iroorzlqj frqwuroohu iru wkhvh gulyhv lv dq h{whqghg SLG frqwuroohu lq

wkh iroorzlqj irup

F+}3�, @ nf �I+}
3�> n�> n2> nU, +45,

zkhuh nf lv wkh sursruwlrqdo jdlq/ I+�, lv d ixqfwlrq ri }3�/ dqg frqvwdqw sdudphwhuv n�/ n2/ dqg

nU 1 D gljlwdo qrwfk �owhu lv dgghg wr dwwhqxdwh wkh dgyhuvh h�hfw gxh wr wkh vxvshqvlrq uhvrqdqfh

dw 5:33K}1 Wkh lqwhjudwru jdlq/ NU / lv suhghwhuplqhg dqg khqfh qrw d wdujhw ri rswlpl}dwlrq1 Vr

wkh wxqdeoh sdudphwhu vhw lv N @ ^nf> n�> n2`1 Wkh ruljlqdo frqwuroohu xvhg e| wkhvh gulyhv zdv

^nf> n�> n2` @ ^3=576> 3=;83> 3=594`> zklfk zdv kdqg0wxqhg e| h{shulhqfhg hqjlqhhuv lq wkh suhylrxv

ghvljq f|foh1 SHV ri wkrvh gulyhv zhuh froohfwhg wr exlog wkh vwdwlvwlfdo glvwxuedqfh prgho1 Wkh

vhdufk vsdfh 
g @ ^+3=34 = 3=<;,> +�3=; = 3=<<,> +�3=; = 3=<<,b̀ lv wkh udqjh ri N wkdw vwdelol}hv wkh

qrplqdo sodqw1 Wkh judglhqw phwkrg xvhg lq ^7` kdg dozd|v idlohg wr frqyhujh lq wklv udqjh1 Wr

pdnh rxu phwkrg pruh sudfwlfdo iru prvw vhuyr hqjlqhhuv lq KGG lqgxvwu|/ zh iroorz wkh fodvvlfdo

frqwuro iudphzrun1 Vlqfh zh duh ghvljqlqj wkh frqwuroohu iru wkh pdvv surgxfhg KGGv zlwk sodqw

yduldwlrqv dqg glvwxuedqfh xqfhuwdlqwlhv/ ��.7 lv qrw d frqvwdqw exw udwkhu d udqgrp yduldeoh1 Lw lv

pruh dssursuldwh wr dvvhvv wkh dyhudjh shuirupdqfh phdq+��.7, dqg wkh shuirupdqfh urexvwqhvv

ydu+��.7,1 Wkh pdmru remhfwlyhv ri KGG wudfn iroorzlqj frqwuro wkhuhiruh duh

M�+N, @ ydu+��.7, +46,

M2+N, @ phdq+��.7,

Lq rughu wr jhw d suhflvh dqg h�flhqw suhglfwlrq ri phdq+��.7, dqg ydu+��.7, iru d jlyhq frq0

wuroohu/ d vwdwlvwlfdo prgho lv exlow edvhg rq wkh SHVv phdvxuhg iurp d odujh srsxodwlrq ri gulyhv

^65`1 Wklv prgho qrw rqo| fryhuv wkh fkdudfwhulvwlfv ri d odujh srsxodwlrq ri gulyhv exw dovr uhtxluhv

olwwoh frpsxwdwlrqdo h�ruwv lq fdofxodwlqj phdq+��.7, dqg ydu+��.7,1

Ghvljq frqvwudlqwv duh SP�U� @ 69J/ JP�U� @ 8=8gE/ $J�U� @ 833K}/ dqg V"��f @

9gE1 E| iroorzlqj diruhphqwlrqhg jxlgholqh iru kdqgolqj frqvwudlqwv/ wkh fruuhvsrqglqj frvw ixqf0

wlrqv duh gh�qhg dv

M�+N, @ T^SP�U� � SP+N,`

Me+N, @ T^JP�U� �JP+N,`

MD+N, @ T^$J�U� � $J+N,`

MS+N, @ T^V"+N,� V"��f `

dqg wkh skdvh pdujlq SP+N, / wkh jdlq pdujlq JP+N,/ wkh furvvryhu iuhtxhqf| $J+N,/ dqg

wkh shdn ri vhqvlwlylw| ixqfwlrq V"+N,@nV+N> m$,n
"

duh ixqfwlrqv ri wkh wxqdeoh sdudphwhu vhw
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N 5 
g 1 M�+N, � MS+N, zloo eh }hur li wkh fdqglgdwh vroxwlrq N vdwlv�hv doo frqvwudlqwv1 Wkxv/

wkh ruljlqdo frqvwudlqhg PRS lv frqyhuwhg wr d xqfrqvwudlqhg PRS zkrvh wdujhw lv wr plqlpl}h

wkh frvw yhfwru M+N, @ iM�+N,> ===> M�+N,> ===> MS+N,j ryhu N1 M+N, lv wkhuhiruh fdoohg wkh yhfwruldo

shuirupdqfh lqgh{1

Wkh sdudphwhu iru PRJD lv olvwhg lq Wdeoh 51 Lw wrrn wkh PRJD 4318 plqxwhv lq d SLLL 883

frpsxwhu wr jlyh d Sduhwr rswlpdo vhw +Udqn 4, zlwk < vroxwlrqv lq wkh 93wk jhqhudwlrq/ dv vkrzq

lq Iljxuh 471 Rqh vroxwlrq/ N @ ^3=594> 3=;97> 3=668`/ zklfk kdv wkh plqlpdo ydu+��.7, dprqj

wkh Sduhwr rswlpdo vhw/ zdv slfnhg xs dqg ordghg lqwr wkrvh gulyhv1 Wkh shuirupdqfh frpsdulvrq

ehwzhhq wklv rswlpl}hg frqwuroohu dqg wkh ruljlqdo rqh lv vkrzq lq Wdeoh 61 Wkh 7( lpsuryhphqw ri

phdq+��.7, dqg :( ri ydu+��.7, lq h{shulphqwv pd| eh frqvlghuhg prghudwh ehfdxvh wkh ruljlqdo

frqwuroohu kdg ehhq zhoo rswlpl}hg1 Lw dovr fdq eh vhhq wkdw phdq+��.7, dqg ydu+��.7, suhglfwhg

e| wkh prgho pdwfk xs uhdvrqdeo| zhoo zlwk wkh h{shulphqwdo uhvxowv1 Wkh glvwxuedqfh prgho zdv

wkhq xsgdwhg edvhg rq qhz SHV phdvxuhphqwv/ dqg uhdg| iru wkh qh{w uxq ri rswlpl}dwlrq1 Wklv

lwhudwlyh rswlpl}dwlrq surfhvv fdq eh uhshdwhg xqwlo vdwlvidfwru| uhvxowv duh rewdlqhg1

+�� ,����	'

Lq wklv uhsruw/ d QFPRS ri wxqlqj wkh �{hg0vwuxfwxuh wudfn iroorzlqj frqwuroohu iru KGGv kdv ehhq

vroyhg e| xvlqj wkh PRJD1 D glvwxuedqfh prgho zdv xvhg wr h�hfwlyho| suhglfw wkh wlph0grpdlq

shuirupdqfh ri fdqglgdwh vroxwlrqv iru d odujh srsxodwlrq ri gulyhv1 Wkh frqwuroohu sdudphwhuv zhuh

wkhq wxqhg e| PRJD/ gluhfwo| wrzdugv wkh plqlpl}dwlrq ri phdq+��.7, dqg ydu+��.7, xqghu

ydulrxv iuhtxhqf|0grpdlq frqvwudlqwv1 Dv vkrzq e| vlpxodwlrqv dqg h{shulphqwv/ wkh sursrvhg

phwkrg zdv fdsdeoh ri rswlpl}lqj wkh frqwuroohu lq d odujh udqjh lq zklfk judglhqw0edvhg phwkrgv

jhqhudoo| idlohg1

Rxu sursrvhg phwkrg kdv wkh iroorzlqj dgydqwdjhv ryhu h{lvwlqj wxqlqj phwkrgv= Iluvw/ frp0

sduhg wr judglhqw edvhg phwkrgv/ wkh JD juhdwo| lqfuhdvhv wkh srvvlelolw| ri �qglqj wkh joredo

rswlpd iru qrqfrqyh{ sureohpv lq odujh1 Vhfrqg/ wkh JD r�huv doprvw olqhdu frpsxwdwlrqdo frp0

soh{lw| uhodwlyh wr wkh qxpehu ri wxqdeoh yduldeohv1 Wklv lv d yhu| dwwudfwlyh ihdwxuh iru QFPRSv

zlwk d odujh qxpehu ri yduldeohv/ h1j1/ wkh wudfn iroorzlqj frqwuroohuv iru gxdo0vwdjh dfwxdwruv xvxdoo|

kdyh ryhu wzhoyh wxqdeoh yduldeohv iru zklfk wkh OPL.dssur{lpdwlrq.VGS phwkrg lv sudfwlfdoo|

xqvroydeoh1 Wklug/ wkh PRJD jlyhv ghvljqhu pxowlsoh Sduhwr vroxwlrqv zlwkrxw wkh wuldo dqg huuru

iru slfnlqj zhljkwv1 Irxuwk/ xvhuv fdq xvh dq| rswlpl}dwlrq vhwxs dv orqj dv wkh frvw ixqfwlrqv duh

hydxodwdeoh lq forvhg irup1

Krzhyhu/ olnh dq| rswlpl}dwlrq dojrulwkp/ wkhuh lv _qr iuhh oxqfk% ^66`1 Lq wkh rwkhu zrug/

qr rswlpl}dwlrq dojrulwkp lv xqlyhuvdoo| ehwwhu wkdq rwkhu dojrulwkpv1 Wkh pdmru gudzedfn wr

rxu dssurdfk lv wkdw wkh PRJD vx�huv iurp srru qxphulfdo wudfndelolw|1 Ehfdxvh wkh PRJD lv

vwrfkdvwlf uxoh edvhg/ lw frqyhujhv lq vrph vwrfkdvwlf vhqvh1 Rxu h{shulhqfh vkrzv wkdw wkh Sduhwr
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vhwv duh gl�huhqw iurp uxq wr uxq/ dowkrxjk wkh| duh doo forvh wr wkh joredo rswlpd lq wkh remhfwlyh

vsdfh1 Rxu vroxwlrq lv wr xvh d wzr0skdvh rswlpl}dwlrq phwkrg= xvh wkh uhvxowv ri PRJD dv vwduwlqj

srlqwv dqg orfdoo| dsso| judglhqw edvhg phwkrg1

(���	�����

^4` V1 Er|g/ Y1 Edodnulvkqdq/ H1 Ihurq/ dqg O1 H1 Jkdrxl/ _Klvwru| ri olqhdu pdwul{ lqhtxdolwlhv

lq frqwuro wkhru|/% Surfhhglqjv ri wkh 4<<7 Dphulfdq Frqwuro Frqihuhqfh/ yro1 4/ ss1 64~67/

Mxo| 4<<71

^5` P1 J1 Vdirqry/ N1 F1 Jrk/ dqg M1 K1 O|/ _Frqwuro v|vwhp v|qwkhvlv yld elolqhdu pdwul{ lq0

htxdolwlhv/% Surfhhglqjv ri wkh 4<<7 Dphulfdq Frqwuro Frqihuhqfh/ ss1 78~7</ Mxqh 4<<71

^6` N1 ]krx/ N1 Joryhu/ E1 Erghqkhlphu/ dqg M1 Gr|oh/ _Pl{hg k2 dqg k" shuirupdqfh remhf0

wlyhv/% Surfhhglqjv ri wkh 4<<3 Dphulfdq Frqwuro Frqihuhqfh/ ss1 5835~:/ Pd| 4<<31

^7` K1 V1 Ohh/ _Frqwuroohu rswlpl}dwlrq iru plqlpxp srvlwlrq huuru vljqdov ri kdug glvn gulyhv/%

Surfhhglqjv ri wkh 5333 Dphulfdq Frqwuro Frqihuhqfh/ ss1 63;4~63;8/ Mxqh 53331

^8` U1 Hkuolfk dqg G1 Fxuudq/ _Pdmru KGG WPU vrxufhv dqg surmhfwhg vfdolqj zlwk WSL/% LHHH

Wudqvdfwlrqv rq Pdjqhwlfv/ yro1 68/ ss1 ;;8~<4/ Pdufk 4<<<1

^9` G1 Deudprylwyk/ W1 Kxuvw/ dqg G1 Khq}h/ _Ghfrpsrvlwlrq ri edvholqh qrlvh vrxufhv lq kdug

glvn srvlwlrq huuru vljqdov lq glvn gulyhv/% Surfhhglqjv ri wkh Dphulfdq Frqwuro Frqihuhqfh/

yro1 8/ ss1 5<34~5<38/ 4<<:1

^:` V1 Vnrjhvwdg/ Pxowlyduldeoh Ihhgedfn Frqwuro1 Fklfkhvwhu/ Zhvw Vxvvh{/ Hqjodqg= Mrkq Zloh|

dqg Vrqv Owg1/ 4<<91

^;` F1 Vfkhuhu/ S1 Jdklqhw/ dqg P1 Fklodol/ _Pxowlremhfwlyh rxwsxw0ihhgedfn frqwuro yld OPL rs0

wlpl}dwlrq/% LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ yro1 75/ ss1 ;<9~<44/ 4<<:1

^<` O1 H1 Jkdrxl/ I1 Rxvwu|/ dqg P1 Dlwudpl/ _D frqh frpsohphqwdulw| olqhdul}dwlrq dojrulwkp

iru vwdwlf rxwsxw0ihhgedfn dqg uhodwhg sureohp/% LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/

yro1 75/ ss1 44:4~44:9/ 4<<:1

^43` K1 D1 Klqgl/ E1 Kdvvlel/ dqg V1 S1 Er|g/ _Pxowlremhfwlyh k2@k"0rswlpdo frqwuro yld �qlwh gl0

phqvlrqdo t0sdudphwul}dwlrq dqg olqhdu pdwul{ lqhtxdolwlhv/% Surfhhglqjv ri wkh 4<<; Dphulfdq

Frqwro Frqihuhqfh/ ss1 6577~7</ Mxqh 4<<;1
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^44` W1 Ndzdeh dqg W1 Wdjdpl/ _D uhdo frghg jhqhwlf dojrulwkp iru pdwul{ lqhtxdolw| ghvljq

dssurdfk ri urexvw SLG frqwuroohu zlwk wzr ghjuhh ri iuhhgrp/% Surfhhglqjv ri wkh 45wk LHHH

Lqwhuqdwlrqdo V|psrvlxp rq Lqwhooljhqw Frqwuro/ ss1 44<~457/ Mxo| 4<<:1

^45` G1 H1 Jrogehuj/ Jhqhwlf Dojrulwkpv lq Vhdufk Rswlpl}dwlrq/ dqg Pdfklqh Ohduqlqj1 Uhdglqj/

PD= Dgglvrq Zhvoh|1

^46` U1 Ehoopdq/ Dgdswlyh Frqwuro Surfhvv= D Jxlghg Wrxu1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw|

Suhvv/ 4<941

^47` M1 K1 Kroodqg/ _Rxwolqh iru d orjlfdo wkhru| ri dgdswlyh v|vwhpv/% Mrxuqdo ri wkh Dvvrfldwlrq

iru Frpsxwlqj Pdfklqhu|/ yro1 6/ ss1 5<:~647/ 4<951

^48` ]1 Plfkdohzlf}/ Jhqhwlf Dojrulwkpv . Gdwd Vwuxfwxuh @ Hyroxwlrq Surjudpv/ Vhfrqg H{whqghg

Hglwlrq1 Qhz \run= Vsulqjhu0Yhuodj Ehuolq Khlghoehuj/ 4<<51

^49` K1 E1 Ndphsdool/ _Wkh rswlpdo edvlfv iru JDv/% LHHH Srwhqwldov/ ss1 58~5:/ Dsulo/ 53341

^4:` F1 P1 Irqvhfd dqg S1 M1 Iohplqj/ _Pxowlremhfwlyh rswlpl}dwlrq dqg pxowlsoh frqvwudlqw kdqglqj

zlwk hyroxwlrqdu| dojrulwkpv 0 sduw l= D xql�hg irupxodwlrq/% LHHH Wudqvdfwlrqv rq V|vwhp/

Pdq/ dqg F|ehuqhwlfv0 Sduw D= V|vwhpv Dqg Kxpdqv/ yro1 5;/ Mdqxdu| 4<<;1

^4;` ]1 Plfkdohzlf} dqg F1 ]1 Mdqlnrz/ _Kdqgolqj frqvwudlqwv lq jhqhwlf dojrulwkpv/% lq Surfhhglqj

ri 7wk Lqwhuqdwlrqdo Frqihuhqfh lq Jhqhwlf Dojrulwkpv +U1 N1 Ehohz dqg O1 E1 Errnhu/ hgv1,/

+Vdq Pdwhr/ FD,/ ss1 484~48:/ Prujdq Ndxipdqq/ 4<<41

^4<` N1 G1 Mrqj/ Dq Dqdo|vlv ri wkh Ehkdylru ri d Fodvv ri Jhqhwlf Dgdswlyh V|vwhpv1 SkG wkhvlv/

Xqlyhuvlw| ri Plfkljdq/ 4<:81

^53` M1 G1 Vfkd�hu/ _Pxowlsoh remhfwlyh rswlpl}dwlrq zlwk yhfwru hydoxdwhg jhqhwlf dojrulwkpv/%

Surfhhglqj ri 4vw Lqwhuqdwlrqdo Frqihuhqfh rq Jhqhwlf Dojrulwkpv/ ss1 <6~433/ 4<;81

^54` K1 Wdpdnl/ K1 Nlwd/ dqg V1 Nred|dvkl/ _Pxowl0remhfwlyh rswlpl}dwlrq e| jhqhwlf dojrulwkp=

D uhylhz/% Surfhhglqjv ri 4<<9 LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Hyroxwlrqdu| Frpsxwdwlrq/

ss1 84:~855/ Pd| 4<<91

^55` E1 Fkhq/ \1 Fkhqj/ dqg F1 K1 Ohh/ _D jhqhwlf dssurdfk wr pl{hg k2@k" rswlpdo SLG frqwuro/%

LHHH Frqwuro V|vwhpv/ ss1 84~93/ Rfwreru 4<<81

^56` D1 M1 Fklsshu�hog/ Q1 Y1 Gdnhy/ S1 M1 Iohplqj/ dqg M1 I1 Zklgeruqh/ _Pxowlremhfwlyh ur0

exvw frqwuro xvlqj hyroxwlrqdu| dojrulwkpv/% LHHH Surf1 ri wkh Lqwhuqdwlrqdo Frqihuhqfh rq

Lqgxvwuldo Whfk1/ ss1 59<~5:6/ 4<<91
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^57` Rswlpl}dwlrq Wrroer{ +Yhuvlrq 5, Xvhu*v Jxlgh1 Wkh PdwkZrunv Lqf1/ 53331

^58` D1 Exfkdqdq/ Hwklfv/ H�flhqf|/ dqg wkh Pdunhw1 Wrwrzd/ QM= Urzpdq dqg Doodqkhog Wh{wv

lq Sklorvrsk|/ 4<;81

^59` F1 P1 Irqvhfd dqg S1 M1 Iohplqj/ _Pxowlremhfwlyh jhqhwlf dojrulwkp pdgh hdv|= Vhohfwlrq/

vkdulqj dqg pdwlqj uhvwulfwlrq/% Jhqhwlf Dojrulwkp lq Hqjlqhhulqj V|vwhpv= Lqqrydwlrqv dqg

Dssolfdwlrqv/ ss1 78~85/ Vhswhpehu 4<<81 Frqihuhqfh Sxeolfdwlrq Qr 7471

^5:` W1 N1 Olx/ W1 Lvklkdud/ dqg K1 Lqrrnd/ _Pxowlremhfwlyh frqwuro v|vwhpv ghvljq e| jhqhwlf

dojrulwkpv/% Surfhhglqjv ri wkh 67wk VLFH Dqqxdo Frqihuhqfh/ ss1 4854~59/ Mxo| 4<<81

^5;` G1 H1 Jrogehuj dqg S1 Vhjuhvw/ _Ilqlwh pdunry fkdlq dqdo|vlv ri jhqhwlf dojrulwkp/% Surfhhglqjv

ri wkh 5qg Lqwhuqdwlrqdo Frqihuhqfh rq Jhqhwlf Dojrulwkpv/ ss1 4~;/ 4<;:1

^5<` M1 Kruq/ Q1 Qdisolrwlv/ dqg G1 H1 Jrogehuj/ _D qlfkhg sduhwr jhqhwlf dojrulwkp iru pxowlre0

mhfwlyh rswlpl}dwlrq/% Surfhhglqj ri wkh Iluvw LFHF/ ss1 ;5~;:/ 4<<71

^63` Q1 Vulqlydv dqg N1 Ghe/ _Pxowlremhfwlyh rswlpl}dwlrq xvlqj qrq0grplqdwhg vruwlqj lq jhqhwlf

dojrulwkpv/% Hyroxwlrqdu| Frpsxwdwlrq/ yro1 5+6,/ ss1 554~57;/ 4<<71

^64` J1 I1 Iudqnolq/ M1 Srzhoo/ dqg P1 O1 Zrunpdq/ Gljlwdo Frqwuro ri G|qdplf V|vwhpv1 Dgglvrq0

Zhvoh|/ 5qg hg1/ 4<<31

^65` E1 ]kx/ O1 Jxr/ dqg P1 Wrpl}xnd/ _D vwdwlvwlfdo SHV prgho iru gluhfw frqwuroohu rswlpl}dwlrq

wrzdugv plqlpxp SHV lq kdug glvn gulyhv11% Pd{wru Whfkdqlfdo Uhsruw/ Mxo| 53331

^66` G1 K1 Zroshuw dqg Z1 J1 Pdfuhdg|/ _Qr iuhh oxqfk wkhruhpv iru rswlpl}dwlrq/% LHHH Wudqv0

dfwlrqv rq Hyroxwlrqdu| Frpsxwdwlrq/ yro1 4/ ss1 9:~;5/ 4<<:1
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